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Abstract

This topic is devoted to the decomposition of fractional differential
equations with the help of Adomian polynomials. This method has wide
range of applications. Here we will discuss a few applications. This
method is easy to programme and implement in initial value problems.
Partial differential equation with non-liner coefficient play a very
important role. This method can be used without the need of
discretization or perturbation.
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Introduction

The Adomian Decomposition method was given by Adomian. In method we used to split our
given differential equation into linear and non linear compositions and then inverting the
higher order derivative operator contained in the linear operator on both sides. After that
recognising the initial conditions and the first term of the series solution. Then we decompose
non linear function in terms of a polynomial, specially named after this method, the Adomian
polynomial and then we find the successive terms of the series by using the recursion terms
of the polynomials. This method has been successfully tested and verified for large class of
linear algebraic equations, differential equations, partial differential equations, system of
differential as well as partial differential equations. We will talk about the solution of non-
homogeneous fractional differential equations (FDE). Also using ADM we will simplify a
few problems of NHFDE in the subsequent part of the paper.

Fractional Differential equation
A Fractional differential equation of the form.

(D% +a, D™ 4t @D + Q) V()= £ () e o y9 () =b Vk=0,1,2...n

— 1 is known as a linear fractional differential equation which is non-homogeneous.
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Adomian Decomposition Method

This method involves the formation of the series sum of the problem. We will solve the FDE
using approximation over the solution and using the Adomain polynon: Adomain
polynomials are considered as the approximate solution. Then we get the approximate
solution of the given FDE.

Adomain Polynomials

We denote these polynomials with Ay, Aj, Ay, .... Ap,.... here from any given FDE. We
consider the initials as y(to) = yo such that the decomposition of the unknown function y (t)
can be written as a series sum of yo, y;, y3 where each y, can be written in form of the
Adomain polynomials Ao, Aj, Ay, .....

The Adomain Polynomials are defined as follows:

1 d" | [ & 3
A =— FI 6,y y A/
" ontdd’ { k -/Z_:;yj J:lxo

These polynomials can be calculated step by stop for n =0, 1, 2, 3,.... with the starting value
Ao (t) =F (t=1, yp (t)). Now using the value of Ag (t) we will find y; (t) and then using value
of y; we can write A; similarly, we can find y, with the help of A; and the using y,, we define
A,. So repeating this process. We get finally Ao, A, A ........ . then the solution can
be constructed as y(t) = yo (t) + y; () + y2 () + ..........

Applications:

o, _ 42 2
1. Solve DV=0%Y" withy©0)=0,y (0)=1

Solution: Apply Laplace transform

L(D“y(t))=say—sa_1y(0) - S“_Zy'(O) where

s“( —Siz) :L(t2 +y2)

y=L2+La+iaL(t2+y2)

s 85" s (1)
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For the decomposition

y(O) D v =vet vt +
n=0

2)
So we get
y=2. 4yt =4,
n=0 and n=0 (3)
Where A, are adomian polynomials
AO(t)=t2+y§9 Al(t)zzyoyl from
A =¥ +203, : A =239, +2Y,0 )

Now substitute equation (3) and (4) in equation (1)

s3]

Z ~ —L(ZAHJ

” LQLAO(t)=—aL(t2+t2)=S%.?—Si3— aiﬂ
R
e ]
:(ajl)!<i;‘§)’=g(a+4)(a+3)sm
Lo 8(a+4)(a+3)L‘1L2u1+4+1} 8(a+4)(a+3)ﬁ
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—aL(A?)zsizL(yfﬂyoyz)

1 ( 44472 \2 (2
L[L(a+2)! +2+8(a+4)(a+3)(2a+4)!

st l6.(o+4)(a+3 s
R

16 1 (2a+4) 16(a+4)(a+3)

[T ey

16 20+4 1
[ ((X+2 '])2 — +16(0‘+4)(0‘+3)(20‘+5)XS3W

(2a+5)f

200+6
S

1
N

16(2a+4) 3o+4
_[a+2'] 3a+4

+16(a +4)(a+3)(2a +5) (3a+5)!
Y3

_ 1677 | (20+4)! +(a+4)(a+3)(2a+5)t
(3o +4)! [(OHQ)!]Z 30+5

And finally it yields :

y(t) =¥ (t)+ » (t) +vy, (t)+ .........

ar? Bla+d)(a+3)r 160 | (20+4)  (a+4)(a+3)(a+5)r
o +2)! (2a+4)! (Bar+4)!| [(a+2)1] 300+ 5

y(t)=1t+ T 7 R ey LT S v
for o =2

D2 y:t2 + y2

V' (+) =+ y(0)=0, »'(0)=1

fora=2

y(t) t+ Xx30 16tIO 8! +270t .
,84/7' o (
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4 8

10
—t+t +t—+16t— 70+ﬂt
3! 168 10! 11

4 7 10 11

4 4 4 ¢

+ + +
6 168 3240 9240

2. Solve FDE
szy(t)zeky(t) O0<a<l

1=y(0)y*(0)=0

Solution: Apply Laplace transform
L[D*y(t)] =L ()
if L[y(t)] - then

L[Dzay(t)] _ Szay—szafly(O)

_|_
Y S (1)
Now to decompose, we put
y=25)
2)
we get
ROEDIEN0 I 37}
n=0 n=0 (3)

using equation (2) and (3) in equation (1)

Zyn = +— L{ZA }

n=0
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1
s

| kl yo+ v+ ¥yt
Ay + A+ Ay =P =l

2
A+ A+ A4 +...=e™ 1+K(yl+y2+....yn+....)+k2m+ ......

2!

o A= A =hy o

A= [k, + 1037 |, A, = kv + 267y y,e™ 4K yie®

Then
1
Yo = —= ¥, =1
K
L| e L|é 1
N= [m ] = |:2a ] :ek'S2a+1
; t2a
= nee (20‘)'
1 1 .
Y 24 L[Al] = 24 L[ky]e'o]
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So the solution can be written as :

y(t)=1+ek r + ke i +kze3k( ! + ] \
(2a)! (4a)! L ! 2J’

Now fora =1

’ ! (1 1) 4L
J/(f)=1+e"t—+ke2kt—+kze3"(—+— i
21 41 41 4

k 2k 3 3k
k Tk
I B L

2 24 720

3. Solve the FDE

Solution: Here apply the Laplace transform

LI D*y(r)] =L [»(1)]

s y(1)=5""»(0)

L[y(t)] where y = [L(y+t)]
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1 1
i
y s+s“ (y(t)) 0

For decomposition, we take

=0 2)
we get
y=250) . y)=24
n=0 n=0 3)

Comparing the above two equation we find A, =y, Vn

Now

Now
1 1 11
nl)=—Ll4]== L[]=—~
J’(l‘)zithenA():y ([):ﬁ
= o! ! ! a!
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Now
—LL[A]—LL e — 1 L
Y3 5% 2 _S2 (2a)' _W 54
B 1 - B t3a
Y3 = I Y3 = (Sa)!

So the solution can be written as

(1) =yt v+ttt

—1+£+t2—a+t3—a+
o al (20) (3e) T

Now for a =1 given F.D.Eis y' =y y (0) =1 then the above solution will be

This method gives a very high accuracy in results

Conclusion

In this paper, we showed the applicability and simplicity of AD M applied to Non-hom FDE.
This method is very helpful and efficient technique for solving different types of problems.
This method solves the equation without any undergoing to process of discretization,
perturbation or linearlization.

The method was applied on three different examples where the numerical solutions clearly
shows that the ADM provides very accurate results which are very close to the exact solution.

Thus, the method is capable of giving quick solutions with high accuracy and reliability in
solving these equations.
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