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GENERALIZED FUZZY 𝝍∗-CLOSED SETS IN FUZZY 

BITOPOLOGICAL SPACES 

M PALANISAMY* 

ABSTRACT 

In this paper, we introduce and study a new class of fuzzy sets in a fuzzy 

bitopological space 𝑋, 𝜏1 , 𝜏2 , namely, 𝑖𝑗-fuzzy 𝜓∗-closed sets, which settled 

properly in between the class of 𝑗𝑖-fuzzy 𝛼-closed sets and the class of 𝑖𝑗-fuzzy 

𝑔𝛼-closed sets. We also introduce and study new classes of spaces, namely, 

𝑖𝑗- 𝐹𝑇1 5  spaces, 𝑖𝑗- 𝐹𝑇𝑒  spaces, 𝑖𝑗- 𝐹𝛼𝑇𝑒  spaces, 𝑖𝑗- 𝐹𝑇𝑙  spaces and 𝑖𝑗-𝐹𝛼𝑇𝑙  

spaces. As applications of 𝑖𝑗-fuzzy 𝜓∗-closed sets, we introduce and study four 

new classes of spaces, namely, 𝑖𝑗- 𝐹𝑇1 5 
𝜓∗

 spaces, 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 spaces (both 

classes contain the class of 𝑖𝑗- 𝐹𝑇1 5  spaces), 𝑖𝑗- 𝐹𝛼𝑇𝑘  spaces and 𝑖𝑗- 𝐹𝑇𝑘  

spaces. The class of 𝑖𝑗- 𝐹𝑇𝑘  spaces is properly placed in between the class of 

𝑖𝑗- 𝐹𝑇𝑒  spaces and the class of 𝑖𝑗- 𝐹𝑇𝑙  spaces. It is shown that dual of the class 

of 𝑖𝑗- 𝐹𝑇1 5 
𝜓∗

 spaces to the class of 𝑖𝑗- 𝐹𝛼𝑇𝑒  spaces is the class of 𝑖𝑗- 𝐹𝛼𝑇𝑘  

spaces and the dual of the class of 𝑖𝑗- 𝜓∗
𝐹𝑇1 5 

 spaces to the class of 𝑖𝑗- 𝐹𝑇1 5  

spaces is the class of 𝑖𝑗- 𝐹𝑇1 5 
𝜓∗

 spaces and also that the dual of the class 𝑖𝑗-

 𝐹𝑇𝑙  spaces to the class of 𝑖𝑗- 𝐹𝑇𝑘  spaces is the class of 𝑖𝑗- 𝐹𝛼𝑇𝑘  spaces. 

Further we introduce and study 𝑖𝑗-fuzzy 𝜓∗continuous functions and 𝑖𝑗-fuzzy 

𝜓∗ irresolute functions. 

KEYWORDS: 𝑖𝑗-fuzzy 𝜓∗-closed sets, 𝑖𝑗-fuzzy 𝜓∗-continuous functions, 𝑖𝑗-

 𝐹𝑇1 5  spaces, 𝑖𝑗- 𝐹𝑇1 5 
𝜓∗

 spaces, 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 spaces. 

INTRODUCTION  

Recently the fuzzy topological structure 𝜏 on a 

set 𝑋 has a lot of applications in many real life 

applications. The abstractness of a set 𝑋 

enlarges the range of its applications. For 

example, a special type of this fuzzy topological 

structure is the basic topological structure for 

fuzzy rough set theory and moreover, 𝜏 and its 

generalizations are applied in biochemical 

studies [1-3].  

The work presented in this paper will open the 

way for using two viewpoints in these 

applications. That is, to apply two topologies at 

the same time. The concepts of 𝑓𝑔-closed sets, 

𝑓𝑔𝑠-closed sets, 𝑓𝑠𝑔-closed sets, 𝑓𝑔𝛼-closed 

sets, 𝑓𝛼𝑔-closed sets, 𝑓𝑔𝑝-closed sets, 𝑓𝑔𝑠𝑝-

closed sets and 𝑓𝑠𝑝𝑔- closed sets have been 

introduced in fuzzy topological spaces ([4-10]).  
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Ismail Ibedou [11] introduced the concepts 

of 𝑖𝑗- 𝐹𝐺𝐶 𝑋 , 𝑖𝑗- 𝐹𝐺𝑆𝐶 𝑋 , 𝑖𝑗- 𝐹𝑆𝐺𝐶 𝑋 , 𝑖𝑗-

 𝐹𝐺𝛼𝐶 𝑋 , 𝑖𝑗- 𝐹𝛼𝐺𝐶 𝑋 , 𝑖𝑗- 𝐹𝐺𝑃𝐶 𝑋 , 𝑖𝑗-

 𝐹𝐺𝑆𝑃𝐶 𝑋  and 𝑖𝑗- 𝐹𝑆𝑃𝐺𝐶 𝑋  subset of 

 𝑋, 𝜏1 , 𝜏2 . Abd Allah and Nawar [12] 

introduced the concept of fuzzy 𝜓∗-open sets 

and studied the properties of 

𝐹𝑇1 5 , 𝐹𝑇𝑒 , 𝐹𝛼𝑇𝑒 , 𝐹𝑇𝑙 , 𝐹𝛼𝑇𝑙 . In this paper, we 

introduce a new class of fuzzy sets in a fuzzy 

bitopological space  𝑋, 𝜏1 , 𝜏2 , namely, 𝑖𝑗-fuzzy 

𝜓∗ closed sets, which settled properly in 

between the class of 𝑗𝑖-fuzzy 𝛼-closed sets and 

the class of 𝑖𝑗-fuzzy 𝑔𝛼-closed sets. And we 

extend the properties to a fuzzy bitopological 

space  𝑋, 𝜏1 , 𝜏2 .  

Also we use the family of 𝑖𝑗-fuzzy 𝜓∗-closed 

sets to introduce some types of properties in 

 𝑋, 𝜏1 , 𝜏2 , and we study the relation between 

these properties. The concepts of fuzzy pre-

continuous, fuzzy semi-continuous, fuzzy 𝛼-

continuous, fuzzy 𝑠𝑝-continuous, fuzzy 𝑔-

continuous, fuzzy 𝛼𝑔-continuous, fuzzy 𝑔𝛼-

continuous, fuzzy 𝑔𝑠-continuous, fuzzy 𝑠𝑔-

continuous, fuzzy 𝑔𝑠𝑝-continuous, fuzzy 𝑠𝑝𝑔-

continuous, fuzzy 𝑔𝑝-continous, fuzzy 𝑔𝑐-

irresolute, fuzzy 𝑔𝑠-irresolute, fuzzy 𝛼𝑔-

irresolute and fuzzy 𝑔𝛼-irresolute functions 

have been introduced in fuzzy topological 

spaces ([7,10, 13-28]). Ismail Ibedou [11] 

introduced the concepts of (𝑖𝑗-fuzzy pre-

continuous, 𝑖𝑗-fuzzy semi-continuous, 𝑖𝑗-fuzzy 

𝛼-continuous, 𝑖𝑗-fuzzy 𝑠𝑝-continuous, 𝑖𝑗-fuzzy 

𝑔-continuous, 𝑖𝑗- fuzzy 𝛼𝑔-continuous, 𝑖𝑗-fuzzy 

𝑔𝛼-continuous, 𝑖𝑗-fuzzy 𝑔𝑠-continuous, 𝑖𝑗-fuzzy 

𝑠𝑔-continuous, 𝑖𝑗-fuzzy 𝑔𝑠𝑝-continuous, 𝑖𝑗-

fuzzy 𝑠𝑝𝑔-continuous, 𝑖𝑗-fuzzy 𝑔𝑝-continuous, 

𝑖𝑗-fuzzy 𝑔𝑐-irresolute, 𝑖𝑗-fuzzy 𝑔𝑠-irresolute, 𝑖𝑗-

fuzzy 𝛼𝑔-irresolute, 𝑖𝑗-fuzzy 𝑔𝛼-irresolute) 

functions in fuzzy bitopological spaces. In this 

paper, we introduce a new functions in a fuzzy 

bitopological space  𝑋, 𝜏1 , 𝜏2 , namely, 𝑖𝑗-fuzzy 

𝜓∗-continuous functions and 𝑖𝑗-fuzzy 𝜓∗-

irresolute functions. 

PRELIMINARIES 

DEFINITION 2.1 [23] 

A fuzzy subset A of a fuzzy bitopological space 

 𝑋, 𝜏1 , 𝜏2  is called: 

(1) 𝑖𝑗-fuzzy preopen if 𝐴 ≤ 𝜏𝑖 - 𝑖𝑛𝑡  𝜏𝑗 − 𝑐𝑙 𝐴   

and 𝑖𝑗-fuzzy preclosed if 𝜏𝑖-𝑐𝑙  𝜏𝑗 −

𝑖𝑛𝑡 𝐴  ≤ 𝐴. 

(2) 𝑖𝑗-fuzzy semi-open if 𝐴 ≤ 𝜏𝑗 - 𝑐𝑙 𝜏𝑖 −

𝑖𝑛𝑡 𝐴   and 𝑖𝑗-fuzzy semi-closed if 𝜏𝑗 -

 𝑖𝑛𝑡 𝜏𝑖 − 𝑐𝑙 𝐴  ≤ 𝐴. 

(3) 𝑖𝑗-fuzzy 𝛼-open if 𝐴 ≤ 𝜏𝑖 -𝑖𝑛𝑡  𝜏𝑗 −

𝑐𝑙 𝜏𝑖 − 𝑖𝑛𝑡 𝐴    and 𝑖𝑗-fuzzy 𝛼-closed if 𝜏𝑖-

 𝑐𝑙  𝜏𝑗 − 𝑖𝑛𝑡 𝜏𝑖 − 𝑐𝑙 𝐴   ≤ 𝐴. 

(4) 𝑖𝑗-fuzzy semi-preopen if 𝐴 ≤ 𝜏𝑗 - 𝑐𝑙  𝜏𝑖 −

𝑖𝑛𝑡  𝜏𝑗 − 𝑐𝑙 𝐴    and 𝑖𝑗-fuzzy semi 

preclosed if 𝜏𝑗 - 𝑖𝑛𝑡  𝜏𝑖 − 𝑐𝑙  𝜏𝑗 −

𝑖𝑛𝑡 𝐴   ≤ 𝐴. 

The class of all 𝑖𝑗-fuzzy preopen (resp. 𝑖𝑗-fuzzy 

semi-open, 𝑖𝑗-fuzzy 𝛼-open and 𝑖𝑗- fuzzy semi-

preopen) sets in a fuzzy bitopological space 

 𝑋, 𝜏1 , 𝜏2  is denoted by 𝑖𝑗- 𝐹𝑃𝑂 𝑋  (resp. 𝑖𝑗-

 𝐹𝑆𝑂 𝑋 , 𝑖𝑗-𝐹𝛼𝑂 𝑋  and 𝑖𝑗- 𝐹𝑆𝑃𝑂 𝑋 ). The 

class of all 𝑖𝑗-fuzzy preclosed (resp. 𝑖𝑗- fuzzy 

semi-closed, 𝑖𝑗-fuzzy 𝛼-closed and 𝑖𝑗-fuzzy 

semi-preclosed) sets in a fuzzy bitopological 

space  𝑋, 𝜏1 , 𝜏2  is denoted by 𝑖𝑗- 𝐹𝑃𝐶 𝑋  

(resp. 𝑖𝑗-𝐹𝑆𝐶 𝑋 , 𝑖𝑗-𝐹𝛼𝐶 𝑋  and 𝑖𝑗- 𝐹𝑆𝑃𝐶 𝑋 ). 

DEFINITION 2.2 [23]  

For a fuzzy subset A of a fuzzy bitopological 

space  𝑋, 𝜏1 , 𝜏2 , the 𝑖𝑗-fuzzy pre-closure (resp. 

𝑖𝑗-fuzzy semi-closure, 𝑖𝑗-fuzzy 𝛼-closure and 𝑖𝑗-

fuzzy semi-pre-closure) of A are denoted and 

defined as follow: 

(1) 𝑖𝑗 − 𝑓𝑝𝑐𝑙 𝐴 =∧  𝐹 < 𝑋 ∶ 𝐹 ∈ 𝑖𝑗 −

𝐹𝑃𝐶 𝑋 , 𝐹 ≥ 𝐴 . 
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(2) 𝑖𝑗 − 𝑓𝑠𝑐𝑙 𝐴  =∧  𝐹 < 𝑋 ∶ 𝐹 ∈ 𝑖𝑗 −

𝐹𝑆𝐶 𝑋 , 𝐹 ≥ 𝐴 . 

(3) 𝑖𝑗 − 𝑓𝛼𝑐𝑙 𝐴  =∧  𝐹 < 𝑋 ∶ 𝐹 ∈ 𝑖𝑗 −

𝐹𝛼𝐶 𝑋 , 𝐹 ≥ 𝐴 . 

(4) 𝑖𝑗 − 𝑓𝑠𝑝𝑐𝑙 𝐴 =∧  𝐹 < 𝑋 ∶ 𝐹 ∈ 𝑖𝑗 −

𝐹𝑆𝑃𝐶 𝑋 , 𝐹 ≥ 𝐴 . 

Dually, the 𝑖𝑗-fuzzy preinterior (resp. 𝑖𝑗-fuzzy 

semi-interior, 𝑖𝑗-fuzzy 𝛼-interior and 𝑖𝑗- fuzzy 

semi-preinterior) of A, denoted by 𝑖𝑗-𝑓𝑝𝑖𝑛𝑡 𝐴  

(resp. 𝑖𝑗- 𝑓𝑠𝑖𝑛𝑡 𝐴 , 𝑖𝑗-𝑓𝛼𝑖𝑛𝑡 𝐴  and 𝑖𝑗-

 𝑓𝑠𝑝𝑖𝑛𝑡 𝐴 ) is the union of all 𝑖𝑗-fuzzy preopen 

(resp. 𝑖𝑗-fuzzy semi-open, 𝑖𝑗-fuzzy 𝛼-open and 

𝑖𝑗-fuzzy semi-preopen) fuzzy subsets of X 

contained in A. 

DEFINITION 2.3 [11] 

A fuzzy subset A of a fuzzy bitopological space 

 𝑋, 𝜏1 , 𝜏2  is called: 

(1) 𝑖𝑗- fuzzy 𝑔-closed (denoted by 𝑖𝑗- 𝐹𝐺𝐶 𝑋 ) 

if, 𝐴 ≤ 𝑈, 𝑈 ∈ 𝜏𝑖 ⇒ 𝑗-𝑓𝑐𝑙 𝐴 ≤ 𝑈. 

(2) 𝑖𝑗-fuzzy 𝑔𝑠-closed (denoted by 𝑖𝑗-

 𝐹𝐺𝑆𝐶 𝑋 ) if, 𝐴 ≤ 𝑈, 𝑈 ∈ 𝜏𝑖 ⇒ 𝑗𝑖-

𝑓𝑠𝑐𝑙 𝐴 ≤ 𝑈. 

(3) 𝑖𝑗-fuzzy 𝑠𝑔-closed (denoted by 𝑖𝑗-

 𝐹𝑆𝐺𝐶 𝑋 ) if, 𝐴 ≤ 𝑈, 𝑈 ∈ 𝑖𝑗-𝐹𝑆𝑂 𝑋 ⇒ 𝑗𝑖-

𝑓𝑠𝑐𝑙 𝐴 ≤ 𝑈. 

(4) 𝑖𝑗-fuzzy 𝑔𝛼-closed (denoted by 𝑖𝑗-

 𝐹𝐺𝛼𝐶 𝑋 ) if, 𝐴 ≤ 𝑈, 𝑈 ∈ 𝑖𝑗-𝐹𝛼𝑂 𝑋 ⇒ 𝑗𝑖-

𝑓𝛼𝑐𝑙 𝐴 ≤ 𝑈. 

(5) 𝑖𝑗-fuzzy 𝛼𝑔-closed (denoted by 𝑖𝑗-

 𝐹𝛼𝐺𝐶 𝑋 ) if, 𝐴 ≤ 𝑈, 𝑈 ∈ 𝜏𝑖 ⇒ 𝑗𝑖-

𝐹𝛼𝑐𝑙 𝐴 ≤ 𝑈. 

(6) 𝑖𝑗-fuzzy 𝑔𝑝-closed (denoted by 𝑖𝑗-

 𝐹𝐺𝑃𝐶 𝑋 ) if, 𝐴 ≤ 𝑈, 𝑈 ∈ 𝜏𝑖 ⇒ 𝑗𝑖-

 𝑓𝑝𝑐𝑙 𝐴 ≤ 𝑈. 

(7) 𝑖𝑗-fuzzy 𝑔𝑠𝑝-closed (denoted by 𝑖𝑗-

 𝐹𝐺𝑆𝑃𝐶 𝑋 ) if, 𝐴 ≤ 𝑈,𝑈 ∈ 𝜏𝑖 ⇒ 𝑗𝑖-

𝑓𝑠𝑝𝑐𝑙 𝐴 ≤ 𝑈. 

(8) 𝑖𝑗-fuzzy 𝑠𝑝𝑔-closed (denoted by 𝑖𝑗-

 𝐹𝑆𝑃𝐺𝐶 𝑋 )) if, 𝐴 ≤ 𝑈, 𝑈 ∈ 𝑗𝑖-𝐹𝑆𝑃𝑂 𝑋 ⇒

𝑗𝑖-𝑓𝑠𝑝𝑐𝑙 𝐴 ≤ 𝑈. 

The fuzzy complement of an 𝑖𝑗-𝐹𝐺𝐶 𝑋  (resp. 

𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 , 𝑖𝑗-𝐹𝑆𝐺𝐶 𝑋 , 𝑖𝑗-𝐹𝐺𝛼𝐶, 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑋 , 𝑖𝑗-𝐹𝐺𝑃𝐶 𝑋 , 𝑖𝑗-𝐹𝐺𝑆𝑃𝐶 𝑋  and 𝑖𝑗-

 𝐹𝑆𝑃𝐺𝐶 𝑋 ) fuzzy subset of  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗- 𝐹𝐺𝑂 𝑋  (resp. 𝑖𝑗-𝐹𝐺𝑆𝑂 𝑋 , 𝑖𝑗-

𝐹𝑆𝐺𝑂 𝑋 , 𝑖𝑗-𝐹𝐺𝛼𝑂 𝑋 , 𝑖𝑗-𝐹𝛼𝐺𝑂 𝑋 , 𝑖𝑗-

𝐹𝐺𝑃𝑂 𝑋 , 𝑖𝑗-𝐹𝐺𝑆𝑃𝑂 𝑋  and 𝑖𝑗- 𝐹𝑆𝑃𝐺𝑂 𝑋 ) 

fuzzy subset of  𝑋, 𝜏1 , 𝜏2 . 

DEFINITION 2.4[11] 

A function 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1, 𝜎2  is 

called: 

(1) 𝑖𝑗-fuzzy pre-continuous if ∀ 𝑉 ∈ 𝑖-

 𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝑃𝐶 𝑋 . 

(2) 𝑖𝑗-fuzzy semi-continuous if ∀ 𝑉 ∈ 𝑖-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝑆𝐶 𝑋 . 

(3) 𝑖𝑗-fuzzy 𝛼-continuous if ∀ 𝑉 ∈ 𝑖-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝛼𝐶 𝑋 . 

(4) 𝑖𝑗- fuzzy 𝑠𝑝-continuous if ∀ 𝑉 ∈ 𝑖-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝑆𝑃𝐶 𝑋 . 

(5) 𝑖𝑗-fuzzy 𝑔-continuous if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝐶 𝑋 . 

(6) 𝑖𝑗-fuzzy 𝛼𝑔-continuous if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 . 

(7) 𝑖𝑗-fuzzy 𝑔𝛼-continuou if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 . 

(8) 𝑖𝑗-fuzzy 𝑔𝑠-continuous if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 . 

(9) 𝑖𝑗-fuzzy 𝑠𝑔-continuous if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝑆𝐺𝐶 𝑋 . 

(10)  𝑖𝑗-fuzzy 𝑔𝑠𝑝-continuous if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝑆𝑃𝐶 𝑋 . 

(11) 𝑖𝑗-fuzzy 𝑠𝑝𝑔-continuous if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝑆𝑃𝐺𝐶 𝑋 . 

(12) 𝑖𝑗-fuzzy 𝑔𝑝-continuous if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝑃𝐶 𝑋 . 

(13) 𝑖-continuous if ∀ 𝑉 ∈ 𝑖-𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖-

𝐹𝐶 𝑋 . 

(14) 𝑖𝑗-fuzzy 𝑔𝑐-irresolute if ∀ 𝑉 ∈ 𝑖𝑗-

𝐹𝐺𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝐶 𝑋 . 

(15) 𝑖𝑗-fuzzy 𝑔𝑠-irresolute if ∀ 𝑉 ∈ 𝑖𝑗-

𝐹𝐺𝑆𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 . 

(16) 𝑖𝑗-fuzzy 𝛼𝑔-irresolute if ∀ 𝑉 ∈ 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 . 
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(17) 𝑖𝑗-fuzzy 𝑔𝛼-irresolute if ∀ 𝑉 ∈ 𝑖𝑗-

𝐹𝐺𝛼𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 . 

DEFINITION 2.5 [12] 

A fuzzy subset A of  𝑋, 𝜏  is called fuzzy 𝜓∗-

closed if 𝐴 ≤ 𝑈,𝑈 ∈ 𝐹𝐺𝛼𝑂 𝑋 ⇒ 𝑓𝛼𝑐𝑙 𝐴 ≤

𝑈. The fuzzy complement of fuzzy 𝜓∗-closed set 

is said to be fuzzy 𝜓∗-open. 

DEFINITION 2.6 [12] 

A fuzzy topological space  𝑋, 𝜏  is called: 

(1) 𝐹𝑇1 5  space if 𝐹𝐺𝛼𝐶 𝑋 = 𝐹𝛼𝐶 𝑋 . 

(2) 𝐹𝑇1 5 
𝜓∗

 space if 𝐹𝜓∗𝐶 𝑋 = 𝐹𝛼𝐶 𝑋 . 

(3) 𝜓∗
𝐹𝑇1 5 

 space if 𝐹𝐺𝛼𝐶 𝑋 = 𝐹𝜓∗𝐶 𝑋 . 

(4) 𝐹𝑇𝑒  space if 𝐹𝐺𝑆𝐶 𝑋 = 𝐹𝛼𝐶 𝑋 . 

(5) 𝐹𝛼𝑇𝑒  space if 𝐹𝛼𝐺𝐶 𝑋 = 𝐹𝛼𝐶 𝑋 . 

(6) 𝐹𝑇𝑘  space if 𝐹𝐺𝑆𝐶 𝑋 = 𝐹𝜓∗𝐶 𝑋 . 

(7) 𝐹𝛼𝑇𝑘  space if 𝐹𝛼𝐺𝐶 𝑋 = 𝐹𝜓∗𝐶 𝑋 . 

(8) 𝐹𝑇𝑙  space if 𝐹𝐺𝑆𝐶 𝑋 = 𝐹𝐺𝛼𝐶 𝑋 . 

(9) 𝐹𝛼𝑇𝑙  space if 𝐹𝛼𝐺𝐶 𝑋 = 𝐹𝐺𝛼𝐶 𝑋 . 

DEFINITION 2.7 [12] 

A function 𝑓 ∶  𝑋, 𝜏 →  𝑌, 𝜎  is called: 

(1) Fuzzy 𝜓∗-continuous if 

∀ 𝑉 ∈ 𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝐹𝜓∗𝐶 𝑋 . 

(2) Fuzzy 𝜓∗-irresolute if 

∀ 𝑉 ∈ 𝐹𝜓∗𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝐹𝜓∗𝐶 𝑋 . 

(3) Fuzzy pre-𝜓∗-closed if 

𝐴 ∈ 𝐹𝜓∗𝐶 𝑋 , 𝑓 𝐴 ∈ 𝐹𝜓∗𝐶 𝑌 . 

3. BASIC PROPERTIES IF 𝒊𝒋-FUZZY 𝝍∗-

CLOSED SETS 

We introduce the following definition. 

DEFINITION 3.1 

A fuzzy subset A of a fuzzy bitopological space 

 𝑋, 𝜏1 , 𝜏2  is called 𝑖𝑗-fuzzy 𝜓∗-closed set if, 

𝐴 ≤ 𝑈, 𝑈 ∈ 𝑗𝑖-𝐹𝐺𝛼𝑂 𝑋  ⇒  𝑗𝑖-𝑓𝛼𝑐𝑙 𝐴 ≤ 𝑈. 

The class of 𝑖𝑗-fuzzy 𝜓∗-closed subsets of 

 𝑋, 𝜏1 , 𝜏2  is denoted by 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

The following diagram shows the relationships 

of 𝑖𝑗-fuzzy 𝜓∗-closed sets with some other fuzzy 

sets discussed in this section (Diagram 1). 

𝑗-fuzzy closed                 𝑖𝑗-fuzzy 𝑔-closed           𝑖𝑗-fuzzy 𝛼𝑔-closed                 𝑖𝑗-fuzzy 𝑔𝑝-closed 

 

 

𝑗𝑖-fuzzy 𝛼-closed              𝑖𝑗-fuzzy 𝜓∗-closed             𝑖𝑗-fuzzy 𝑔𝛼-closed  𝑖𝑗-fuzzy 𝑔𝑠-closed 

 

 

    

𝑗𝑖-fuzzy semi-closed            𝑖𝑗-fuzzy 𝑠𝑔-closed         𝑖𝑗-fuzzy 𝑠𝑝𝑔-closed           𝑖𝑗-fuzzy 𝑔𝑠𝑝-closed 

   

      

    

                     𝑗𝑖-fuzzy semi-preclosed                                             𝑗𝑖-fuzzy preclosed 

Diagram 1 
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EXAMPLE 3.1 

Let 𝑋 =  𝑎, 𝑏, 𝑐  

𝑌 =  𝑝, 𝑞  

𝜏1 =  0, 1, 𝛼1 , 𝛼2 , 𝛼3  

𝜏2 =  0, 1, 𝛽   

  𝛼1 =
0.6

𝑎
+

0

𝑏
+

0

𝑐
  

𝛼2 =
0

𝑎
+

0.6

𝑏
+ +

0

𝑐
 

 𝛼3 =
0.6

𝑎
+

0.6

𝑏
+

0

𝑐
  

And  𝛽=
0.6

𝑝
+

0

𝑞
  

𝛽 ∶   𝑋, 𝜏1 →  𝑌, 𝜏2  

As follows: 𝑓 𝑎 = 𝑝, 𝑓 𝑏 = 𝑓 𝑐 = 𝑞. 

Then 𝛽∈ 12-𝐹𝑔𝑠𝑝 -closed but 𝛼1  ∧ 𝛼3 = 𝛼3 ∉

12-𝐹𝑔𝑠𝑝 -closed. 

Where none of these implications is reversible 

as shown by the following example.  

EXAMPLE 3.1.1  

Let 𝐼 = [0,1] and 𝜎1, 𝜎2, 𝜎3 be fuzzy sets of I 

defined as 

𝜎1 𝑥 =  
0 𝑖𝑓  0 ≤ 𝑥 ≤

1

2

𝑥 − 2 𝑖𝑓  
1

2
≤ 𝑥 ≤ 1

  

𝜎2 𝑥 = 𝜎3 𝑥 =

 
 
 

 
 1 𝑖𝑓  0 ≤ 𝑥 ≤

1

4

4𝑥 𝑖𝑓  
1

4
≤ 𝑥 ≤

1

2

0 𝑖𝑓  
1

2
≤ 𝑥 ≤ 1

  

Clearly 𝜏1 =  0,1, 𝜎1, 𝜎2, 𝜎1 ∨ 𝜎2  and 

𝜏2 =  0,1, 𝜎3  are fuzzy topologies on 𝐼 . 

Let 𝑓:  𝐼 , 𝜏1 →  𝐼 , 𝜏2  be defined by 𝑓 𝑥 = 𝑥 

for 𝑥 ∈ 𝐼  

(arrows 1,5) 𝜎3 ∈ 12-𝐹𝑔-closed ∧ 12- 𝐹𝑔𝛼-closed 

but 𝜎3 ∉ 2-Fuzzy closed. 

(arrows 2.6) 𝜎3 ∈ 12-𝐹𝛼𝑔-closed ∧ 12-𝐹𝑠𝑔 -

closed but 𝜎3 ∉ 21-𝐹𝛼-closed, since there exist 

𝜎1 ∨ 𝜎2 ∈ 𝜏1 containing 𝜎1 such that 2-

𝑐𝑙  𝜎1 = 𝜎3 ∉ 𝜏1. 

(arrows 3,7) 𝜎3 ∈ 12-𝐹𝑔𝑝-closed ∧ 12-𝐹𝑠𝑝𝑔 -

closed but 𝜎3 ∉ 21-Fuzzy semi closed, since 

there exist 𝜎3 ∈ 𝜏2 containing 𝜎3 such that 21-

𝐹𝛼-closed 𝜎3 = 𝑋≰ 𝜎3. 

(arrow 4) 𝜎3 ∈ 12-𝐹𝜓∗-closed but 𝜎3 ∉ 21-Fuzzy 

closed. 

(arrow 8) 𝜎3 ∈ 12-𝐹𝑔𝑠𝑝 -closed but 𝜎3 ∉ 21-

Fuzzy semi closed, since there exist𝜎1 ∨ 𝜎2 ∈

21-Fuzzy semi generalized closed containing 𝜎1 

such that 1-𝑐𝑙  𝜎1 ∨ 𝜎2 =  𝜎1 ∨ 𝜎2 
𝑐  ≰ 𝜎1. 

(arrow 9) 𝜎3 ∈ 21-Fuzzy 𝛼-closed but 𝜎3 ∉ 2-

Fuzzy closed. 

(arrow 10) 𝜎3 ∈ 12-𝐹𝛼𝑔-closed but 𝜎3 ∉ 2-Fuzzy 

closed, since there exist 𝜎3 ∈ 𝜏2 containing 𝜎3 

such that 2-Fuzzy closed, 𝜎3 = 𝑋≰ 𝜎3. 

(arrow 11) 𝜎3 ∈ 12-𝐹𝑔𝑠 -closed but 𝜎3 ∉ 21-

Fuzzy closed, since there exist 𝜎3 ∈ 𝜏2 

containing 𝜎3 such that 12-Fuzzy 𝜓∗-closed, 

𝜎3 = 𝑋≰ 𝜎3. 

(arrow 12) 𝜎3 ∈ 21-Fuzzy semi closed but 

𝜎3 ∉ 21-Fuzzy 𝛼-closed. 

(arrow 13) 𝜎3 ∈ 12-𝐹𝑔𝑠𝑝 -closed but 𝜎3 ∉ 21-

Fuzzy semi closed, since there exist 𝜎1 ∨ 𝜎2 ∈ 𝜏1 

containing 𝜎1 such that 2-𝑐𝑙  𝜎1 = 𝜎3 ∉ 𝜏1. 

(arrow 14) 𝜎3 ∈ 21-Fuzzy semi-pre-closed but 

21-Fuzzy semi closed. 

(arrow 15) 𝜎3 ∈ 12-Fuzzy 𝑔𝑠𝑝 -closed but 21-

Fuzzy semi closed. 

(arrow 16) 𝜎3 ∈ 21-Fuzzy pre-closed but 

𝜎3 ∉ 12-Fuzzy 𝑔𝑝-closed. 
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(arrow 17) 𝜎3 ∈ 12-𝐹𝑔𝑠𝑝 -closed but 𝜎3 ∉ 12-

Fuzzy closed, since there exist 𝜎1 ∨ 𝜎2 ∈ 21-𝐹𝛼-

open containing 𝜎1 such that 1-𝑐𝑙  𝜎1 ∨ 𝜎2 =

 𝜎1 ∨ 𝜎2 
𝑐  ≰ 𝜎1. 

(arrow 18) 𝜎3 ∈ 12-𝐹𝑔𝑠 -closed but 𝜎3 ∉ 21-

Fuzzy 𝛼-closed. 

THEOREM 3.1 

Every 𝑖𝑗 -fuzzy 𝛼-closed set is an 𝑖𝑗 -fuzzy 𝜓∗-

closed set. 

The following example supports that an 𝑖𝑗 -

fuzzy 𝜓∗-closed set need not be a 𝑖𝑗 -fuzzy 𝛼-

closed set in general. 

EXAMPLE 3.1.2 

Let 𝑋=  𝑎, 𝑏, 𝑐, 𝑑 , 𝜏1 =  𝑋,𝜙,  𝑎 ,  𝑎, 𝑑   and 

𝜏2 =  𝑋,𝜙,  𝑎, 𝑏 ,  𝑐, 𝑑  . Then we have 

𝐴=  𝑏, 𝑐 ∈ 𝑖𝑗 -𝐹𝜓∗𝐶 𝑋  but 𝐴∉ 𝑗𝑖 -𝐹𝛼𝐶 𝑋 . 

Therefore the class of 𝑖𝑗 -fuzzy 𝜓∗-closed sets is 

properly contains the class of 𝑗𝑖 -fuzzy 𝛼-closed 

sets. Next we show that the class of 𝑖𝑗 -fuzzy 

𝜓∗-closed sets is properly contained in the class 

of 𝑖𝑗 -fuzzy 𝑔𝛼-closed set. 

THEOREM 3.2 

Every 𝑖𝑗 -fuzzy 𝜓∗-closed set is an 𝑖𝑗 -fuzzy 𝑔𝛼-

closed set. 

The following example supports that the 

converse of the above theorem is not true in 

general. 

EXAMPLE 3.2 

Let 𝑋, 𝜏1 and 𝜏2 are as in Example 3.1. Then the 

fuzzy subset 𝐵=  𝑏 ∈ 𝑖𝑗 -𝐹𝐺𝛼𝐶 𝑋  but 𝐵∉ 𝑖𝑗 -

𝐹𝜓∗𝐶 𝑋 . 

REMARK 3.1 

The fuzzy intersection of two sets in 𝑖𝑗 -fuzzy 

𝜓∗-closed set is not in general a set in 𝑖𝑗 - fuzzy 

𝜓∗-closed set, as shown by the following 

example. 

EXAMPLE 3.3 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 3.1. Then 

we have  𝑎, 𝑏  and  𝑏, 𝑐 ∈ 𝑖𝑗 - 𝐹𝜓∗𝐶 𝑋  but 

 𝑎, 𝑏 ∧  𝑏, 𝑐 =  𝑏 ∉ 𝑖𝑗 - 𝐹𝜓∗𝐶 𝑋 . 

THEOREM 3.3 

For any fuzzy bitopological space  𝑋, 𝜏1, 𝜏2 . 

(1) 𝑖𝑗 -𝐹𝜓∗𝐶 𝑋 ∧ 𝑗𝑖 -𝐹𝐺𝛼𝑂 𝑋 ≤ 𝑗𝑖 -𝐹𝛼𝐶 𝑋 . 

(2) If 𝐴∈ 𝑖𝑗 -𝐹𝜓∗𝐶 𝑋  and 𝐴≤ 𝐵≤ 𝑗𝑖 -𝑓𝛼𝑐𝑙  𝐴 , 

then 𝐵∈ 𝑖𝑗 -𝐹𝜓∗𝐶 𝑋 . 

PROOF. 

(1) Let 𝐴∈ 𝑖𝑗 -𝐹𝜓∗𝐶 𝑋 ∧ 𝑗𝑖 -𝐹𝐺𝛼𝑂 𝑋 . Then we 

have 𝑗𝑖 -𝑓𝛼𝑐𝑙  𝐴 ≤ 𝐴. Consequently, 𝐴∈

𝑗𝑖 -𝐹𝛼𝐶 𝑋 . 

(2) Let 𝑈∈ 𝑗𝑖 -𝐹𝐺𝛼𝑂 𝑋  such that 𝐵≤ 𝑈. Since 

𝐴≤ 𝐵 and 𝐴∈ 𝑖𝑗 -𝐹𝜓∗𝐶 𝑋 , then 𝑗𝑖 -

𝑓𝛼𝑐𝑙  𝐴 ≤ 𝑈. Since 𝐵≤ 𝑗𝑖 -𝑓𝛼𝑐𝑙  𝐴 , then 

we have 𝑗𝑖 - 𝑓𝛼𝑐𝑙  𝐵 ≤ 𝑗 𝑖 -𝑓𝛼𝑐𝑙  𝐴 ≤ 𝑈. 

Therefore, 𝐵∈ 𝑖𝑗 -𝐹𝜓∗𝐶 𝑋 . 

THEOREM 3.4 

Let  𝑋, 𝜏1, 𝜏2  be a fuzzy bitopological space, 

𝐴∈ 𝑖𝑗 -𝐹𝐺𝛼𝐶 𝑋 . Then 𝐴∈ 𝑖𝑗 - 𝐹𝜓∗𝐶 𝑋  if 𝑖𝑗 -

𝐹𝛼𝑂 𝑋 = 𝑗𝑖 -𝐹𝐺𝛼𝑂 𝑋 . 

PROOF. 

Let 𝐴 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋  i.e. 𝐴 ≤ 𝑈 and 𝑈 ∈ 𝑖𝑗-

𝐹𝛼𝑂 𝑋 , then 𝑗𝑖-𝑓𝛼𝑐𝑙 𝐴 ≤ 𝑈. Since 𝑖𝑗-

𝐹𝛼𝑂 𝑋 = 𝑗𝑖-𝐹𝐺𝛼𝑂 𝑋 . Consequently, 𝐴 ≤ 𝑈 

and 𝑈 ∈ 𝑗𝑖-𝐹𝐺𝛼𝑂 𝑋 , then 𝑗𝑖- 𝑓𝛼𝑐𝑙 𝐴 ≤ 𝑈 i.e. 

𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

THEOREM 3.5 

Let 𝑋1 , 𝜏1 , 𝜏2  and  𝑋1 , 𝜏1
∗, 𝜏2

∗  be two fuzzy 

bitopological spaces. Then the following 

statement is true. If 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝑂 𝑋1  and 

𝐵 ∈ 𝑖𝑗-𝐹𝜓∗𝑂 𝑋2 , then 𝐴 × 𝐵 ∈ 𝑖𝑗-𝐹𝜓∗𝑂 𝑋1 ×

𝑋2 . 
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PROOF. 

Let 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝑂 𝑋1  and 𝐵 ∈ 𝑖𝑗-𝐹𝜓∗𝑂 𝑋2  

and 𝑊 = 𝐴 × 𝐵 ≤ 𝑋1 × 𝑋2. Let 𝐹 = 𝐹1 × 𝐹2 ≤

𝑊,𝐹 ∈ 𝑗𝑖-𝐹𝐺𝛼𝐶 𝑋1 × 𝑋2 . Then there are 

𝐹1 ∈ 𝑗𝑖-𝐹𝐺𝛼𝐶 𝑋1 ,  𝐹2 ∈ 𝑗𝑖-𝐹𝐺𝛼𝐶 𝑋2 , 𝐹1 ≤

𝐴,  𝐹2 ≤ 𝐵 and so, 𝐹1 ≤ 𝜏𝑗𝑖 -𝑓𝛼𝑖𝑛𝑡 𝐴  and 

𝐹2 ≤ 𝜏𝑗𝑖
∗ -𝑓𝛼𝑖𝑛𝑡 𝐵 . Hence 𝐹1 × 𝐹2 ≤ 𝐴 × 𝐵 and 

𝐹1 × 𝐹2 ≤ 𝜏𝑗𝑖 -𝑓𝛼𝑖𝑛𝑡 𝐴 × 𝜏𝑗𝑖
∗ -𝑓𝛼𝑖𝑛𝑡 𝐵 = 𝜏𝑗𝑖 ×

𝜏𝑗𝑖
∗ -𝑓𝛼𝑖𝑛𝑡 𝐴 × 𝐵 . 

Therefore 𝐴 × 𝐵 ∈ 𝑖𝑗- 𝐹𝜓∗𝑂 𝑋1 × 𝑋2 . 

THEOREM 3.6 

A fuzzy subset A of X is 𝑖𝑗-𝐹𝜓∗𝑂 𝑋  if and only 

if F is a fuzzy subset of 𝑖𝑗-𝑓𝛼𝑖𝑛𝑡 𝐴  whenever 

𝐹 ≤ 𝐴 and 𝐹 ∈ 𝑗𝑖-𝐹𝐺𝛼𝐶 𝑋 . 

THEOREM 3.7 

For each 𝑥 ∈ 𝑋, either  𝑥  is 𝑗𝑖-𝐹𝐺𝛼𝐶 𝑋  or  𝑥  

is 𝑖𝑗-𝐹𝜓∗𝑂 𝑋 . 

THEOREM 3.8 

A fuzzy subset A of X is 𝑖𝑗-𝐹𝜓∗𝐶 𝑋  if and only 

if 𝑗𝑖-𝐹𝛼𝐶 𝐴 ∧ 𝐹 = ∅, whenever 𝐴 ∧ 𝐹 = ∅, 

where F is 𝑗𝑖-𝐹𝐺𝛼𝐶 𝑋 . 

APPLICATIONS OF 𝒊𝒋- FUZZY 𝝍∗-CLOSED 

SETS 

As applications of 𝑖𝑗-fuzzy 𝜓∗-closed sets, four 

new classes of spaces, namely, 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 spaces, 

𝑖𝑗-𝜓∗
𝐹𝑇1 5 

spaces, 𝑖𝑗-𝐹𝑇𝑘  spaces, and 𝑖𝑗-𝐹𝛼𝑇𝑘  

spaces are introduced. 

We introduce the following definitions. 

DEFINITION 4.1 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝐹𝑇1 5  space if 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 = 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

EXAMPLE 4.1 

Let 𝑋 =  𝑎, 𝑏, 𝑐, 𝑑  

𝜏1 =  𝑋, 𝜙,  𝑎, 𝑏   

𝜏2 =  𝑋, 𝜙,  𝑏 ,  𝑐 ,  𝑏, 𝑐 ,  𝑎, 𝑐   

Then the sets in 

 𝑋, 𝜙,  𝑏 ,  𝑐 ,  𝑎, 𝑏 ,  𝑎, 𝑐 ,  𝑏, 𝑐   are called 𝑖𝑗-

𝐹𝑇1 5  open and the sets in 

 𝑋, 𝜙,  𝑎 ,  𝑏 ,  𝑐 ,  𝑎, 𝑏 ,  𝑎, 𝑐   are called 𝑖𝑗-

𝐹𝑇1 5  closed.    

Then  1, 5 - 𝑖𝑗-

𝐹𝜓∗𝐶 𝑋 =  𝑋, 𝜙,  𝑎 ,  𝑏 ,  𝑐 ,  𝑎, 𝑏 ,  𝑎, 𝑐  . 

Clearly the sets  𝑏  and  𝑐  are  1, 5 -Fuzzy 𝜓∗-

closed but their union  𝑏, 𝑐  is not  1, 5 -Fuzzy 

𝜓∗-closed set in X.  

DEFINITION 4.2 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space if 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 = 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

We prove that the class of 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

  spaces 

properly contains the class of 𝑖𝑗-𝐹𝑇1 5  spaces. 

THEOREM 4.1 

Every 𝑖𝑗-𝐹𝑇1 5  space is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space. 

PROOF. 

Follows from the fact that every 𝑖𝑗-fuzzy 𝜓∗-

closed set is an 𝑖𝑗-fuzzy 𝑔𝛼-closed set. 

The converse of the above theorem is not true 

as it can be seen from the following example. 

EXAMPLE 4.2 

Let 𝑋 =  𝑎, 𝑏, 𝑐 , 𝜏1 =  𝑋, 𝜙,  𝑎   and 

𝜏2 =  𝑋, 𝜙,  𝑏  . Then  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗- 

𝐹𝑇1 5 
𝜓∗

 space but not an 𝑖𝑗-𝐹𝑇1 5  space since 

 𝑏, 𝑐 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋  but  𝑏, 𝑐 ∉ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

DEFINITION 4.3 

A fuzzy bitopological space 𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space if 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 = 𝑖𝑗-

𝐹𝜓∗𝐶 𝑋 . 
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THEOREM 4.2 

Every 𝑖𝑗-𝐹𝑇1 5  space is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space. 

PROOF. 

Let  𝑋, 𝜏1 , 𝜏2  be an 𝑖𝑗-𝐹𝑇1 5  space. Let 𝐴 ∈ 𝑖𝑗-

𝐹𝐺𝛼𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5  space, 

then 𝐴 ∈ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . Hence, by using Theorem 

3.1, we have 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Therefore 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space. 

The converse of the above theorem is not true 

as we see in the following example. 

EXAMPLE 4.3 

Let 𝑋 =  𝑎, 𝑏, 𝑐 , 𝜏1 =  𝑋, 𝜙,  𝑎   and 

𝜏2 =  𝑋, 𝜙,  𝑎 ,  𝑏, 𝑐  . Then  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝜓∗
𝐹𝑇1 5 

 space but not an 𝑖𝑗-𝐹𝑇1 5  space since 

 𝑎, 𝑏 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋  but  𝑎, 𝑏 ∉ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

We show that 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 ness is independent 

from 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 ness. 

REMARK 4.1 

𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 ness and 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 ness are 

independent as it can be seen from the next 

two examples. 

EXAMPLE 4.4 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.1. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space but not an 𝑖𝑗-

𝜓∗
𝐹𝑇1 5 

 space since  𝑏, 𝑐 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋  but 

 𝑏, 𝑐 ∉ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

EXAMPLE 4.5 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.2. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space but not an 𝑖𝑗-

𝐹𝑇1 5 
𝜓∗

 space since  𝑎, 𝑐 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋  but 

 𝑎, 𝑐 ∉ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

THEOREM 4.3 

If  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space, then for 

each 𝑥 ∈ 𝑋,  𝑥  is either 𝑖𝑗-fuzzy 𝛼-closed or 𝑖𝑗-

fuzzy 𝜓∗-open. 

PROOF. 

Suppose that  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space. 

Let 𝑥 ∈ 𝑋 and assume that  𝑥 ∉ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

Then  𝑥 ∉ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋  since every 𝑗𝑖-fuzzy 𝛼-

closed set is an 𝑖𝑗-fuzzy 𝑔𝛼-closed set. So 𝑋-

 𝑥 ∉ 𝑗𝑖-𝐹𝛼𝑂 𝑋 . Therefore 𝑋- 𝑥 ∈ 𝑖𝑗-

𝐹𝐺𝛼𝐶 𝑋  since X is the only 𝑗𝑖-fuzzy 𝛼-open set 

which contains 𝑋- 𝑥 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝜓∗
𝐹𝑇1 5 

 space, then 𝑋- 𝑥 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋  or 

equivalently  𝑥 ∉ 𝑖𝑗-𝐹𝜓∗𝑂 𝑋 . 

 

THEOREM 4.4 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝐹𝑇1 5  space if and only if it is 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 and 𝑖𝑗-

𝐹𝑇1 5 
𝜓∗

 space. 

PROOF. 

The necessity follows from the Theorems 4.1 

and 4.2. For the sufficiency, suppose that 

 𝑋, 𝜏1 , 𝜏2  is both 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 and 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 

space. Let 𝐴 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is 

an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space, then 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space, then 

𝐴 ∈ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . Thus  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5  

space. 

We introduce the following definitions 𝑖𝑗-𝐹𝑇𝑒  

spaces and 𝑖𝑗-𝐹𝛼𝑇𝑒  spaces respectively and 

show that every 𝑖𝑗-𝐹𝑇𝑒 𝑖𝑗 − 𝐹𝛼𝑇𝑒  space is an 

𝑖𝑗-𝐹𝑇1 5  space. 

DEFINITION 4.4 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝐹𝑇𝑒  space if 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 = 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 
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DEFINITION 4.5 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝐹𝛼𝑇𝑒  space if 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 = 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

THEOREM 4.5 

Every 𝑖𝑗-𝐹𝑇𝑒  space is an 𝑖𝑗-𝐹𝑇1 5  space. 

PROOF. 

Follows from the fact that every 𝑖𝑗-fuzzy 𝑔𝛼-

closed set is an 𝑖𝑗-fuzzy 𝑔𝑠-closed set. 

An 𝑖𝑗-𝐹𝑇1 5  space need not be an 𝑖𝑗-𝐹𝑇𝑒  space 

as we see the next example. 

EXAMPLE 4.6 

Let 

𝑋 =  𝑎, 𝑏, 𝑐 , 𝜏1 =  𝑋, 𝜙,  𝑎 ,  𝑏 ,  𝑎, 𝑏 ,  𝑎, 𝑐   

and 𝜏2 =  𝑋, 𝜙,  𝑎 ,  𝑎, 𝑏  . Then  𝑋, 𝜏1 , 𝜏2  is 

an 𝑖𝑗-𝐹𝑇1 5  space but not an 𝑖𝑗-𝐹𝑇𝑒  space since 

 𝑏 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋  but  𝑏 ∉ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

THEOREM 4.6 

Every 𝑖𝑗-𝐹𝛼𝑇𝑒  space is an 𝑖𝑗-𝐹𝑇1 5  space. 

PROOF. 

Follows from the fact that every 𝑖𝑗-fuzzy 𝑔𝛼-

closed set is an 𝑖𝑗-fuzzy 𝛼𝑔-closed set. 

An 𝑖𝑗-𝐹𝑇1 5  space need not be an 𝑖𝑗-𝐹𝛼𝑇𝑒  

space as we see the next example. 

EXAMPLE 4.7 

Let 𝑋 =  𝑎, 𝑏, 𝑐 , 𝜏1 =  𝑋, 𝜙,  𝑎 ,  𝑏 ,  𝑎, 𝑏   

and 𝜏2 =  𝑋, 𝜙,  𝑎 ,  𝑎, 𝑐  . Then  𝑋, 𝜏1 , 𝜏2  is 

an 𝑖𝑗-𝐹𝑇1 5  space but not an 𝑖𝑗-𝐹𝛼𝑇𝑒  space 

since  𝑎, 𝑐 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋  but  𝑎, 𝑐 ∉ 𝑗𝑖-

𝐹𝛼𝐶 𝑋 . 

THEOREM 4.7      

Every 𝑖𝑗-𝐹𝑇𝑒  space is an 𝑖𝑗-𝐹𝛼𝑇𝑒  space. 

PROOF. 

Follows from the fact that every 𝑖𝑗-fuzzy 𝛼𝑔-

closed set is an 𝑖𝑗-fuzzy 𝑔𝑠-closed set. 

The converse of the above theorem is not true 

in general as the following example supports. 

EXAMPLE 4.8 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.5. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑒  space but not an 𝑖𝑗-𝐹𝑇𝑒  

space since  𝑏 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋  but  𝑏 ∉ 𝑗𝑖-

𝐹𝛼𝐶 𝑋 . 

THEOREM 4.8 

Every 𝑖𝑗-𝐹𝑇𝑒  space is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space. 

PROOF. 

Follows from the fact that every 𝑖𝑗-fuzzy 𝜓∗-

closed set is an 𝑖𝑗-fuzzy 𝑔𝑠-closed set. 

The converse of the above theorem is not true 

in general as the following example supports. 

EXAMPLE 4.9 

Let 

𝑋 =  𝑎, 𝑏, 𝑐, 𝑑, 𝑒 ,

𝜏1 =  𝑋, 𝜙,  𝑎 ,  𝑐, 𝑑 ,  𝑎, 𝑐, 𝑑 ,  𝑏, 𝑐, 𝑑, 𝑒   and 

𝜏2 =

 𝑋, 𝜙,  𝑎 ,  𝑎, 𝑏 ,  𝑎, 𝑏, 𝑒 ,  𝑎, 𝑐, 𝑑 ,  𝑎, 𝑏, 𝑐, 𝑑  . 

Then  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space but not an 

𝑖𝑗-𝐹𝑇𝑒  space since  𝑑 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋  but 

 𝑑 ∉ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . 

THEOREM 4.9 

Every 𝑖𝑗-𝐹𝛼𝑇𝑒  space is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space. 

PROOF. 

Follows from the fact that every 𝑖𝑗-fuzzy 𝜓∗-

closed set is an 𝑖𝑗-fuzzy 𝛼𝑔-closed set. 

An 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space need not be an 𝑖𝑗-𝐹𝛼𝑇𝑒  space 

as we see the next example. 

EXAMPLE 4.10 
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Let 𝑋, 𝜏1 and 𝜏2 be as in Example 4.8. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space but not an 𝑖𝑗-

𝐹𝛼𝑇𝑒  space  𝑐 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋  but  𝑐 ∉ 𝑗𝑖-

𝐹𝛼𝐶 𝑋 . 

We introduce the following definitions. 

DEFINITION 4.6 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝐹𝑇𝑘  space if 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 = 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

DEFINITION 4.7 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝐹𝛼𝑇𝑘  space if 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 = 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

DEFINITION 4.8 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝐹𝑇𝑙  space if 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 = 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 . 

DEFINITION 4.9 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is called 

an 𝑖𝑗-𝐹𝛼𝑇𝑙  space if 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 = 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 . 

We show that the class of 𝑖𝑗-𝐹𝛼𝑇𝑘  spaces 

properly contains the class of 𝑖𝑗-𝐹𝛼𝑇𝑒  spaces 

and is properly contained in the class of 𝑖𝑗-𝐹𝛼𝑇𝑙  

spaces. We also show that the class of 𝑖𝑗-𝐹𝛼𝑇𝑘  

spaces is the dual of the class of 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 spaces 

to the class of 𝑖𝑗-𝐹𝛼𝑇𝑒  spaces. Moreover we 

prove that 𝑖𝑗-𝐹𝛼𝑇𝑘  ness and 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 ness are 

independent from each other. 

THEOREM 4.10 

Every 𝑖𝑗-𝐹𝛼𝑇𝑒  space is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space. 

PROOF. 

Let  𝑋, 𝜏1 , 𝜏2  be an 𝑖𝑗-𝐹𝛼𝑇𝑒  space. Let 𝐴 ∈ 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑒  space, 

then 𝐴 ∈ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . Hence, by using Theorem 

3, we have 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Therefore 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space. 

The following example supports that the 

converse of the above theorem is not true in 

general. 

EXAMPLE 4.11 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.2. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space but not an 𝑖𝑗-

𝐹𝛼𝑇𝑒  space since  𝑎, 𝑐 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋  but 

 𝑎, 𝑐 ∉ 𝑗𝑖-𝐹𝛼𝐶 𝑋 .   

THEOREM 4.11 

Every 𝑖𝑗-𝐹𝛼𝑇𝑘  space is an 𝑖𝑗-𝐹𝛼𝑇𝑙  space. 

PROOF. 

Let  𝑋, 𝜏1 , 𝜏2  be an 𝑖𝑗-𝐹𝛼𝑇𝑘  space. Let 𝐴 ∈ 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space, 

then 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Hence, by using 

Theorem 3.2, we have 𝐴 ∈ 𝑗𝑖-𝐹𝐺𝛼𝐶 𝑋 . 

Therefore  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑙  space. 

The following example supports that the 

converse of the above theorem is not true in 

general. 

EXAMPLE 4.12 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.1. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑙  space but not an 𝑖𝑗-

𝐹𝛼𝑇𝑘  space since  𝑏 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋  but 

 𝑏 ∉ 𝑗𝑖-𝐹𝜓∗𝐶 𝑋 . 

THEOREM 4.12 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝐹𝛼𝑇𝑒  space if and only if it is 𝑖𝑗-𝐹𝛼𝑇𝑘  and 𝑖𝑗-

𝐹𝑇1 5 
𝜓∗

 space. 

PROOF. 

The necessity follows from the Theorems 4.9 

and 4.10. For the sufficiency, suppose that 

 𝑋, 𝜏1 , 𝜏2  is both 𝑖𝑗-𝐹𝛼𝑇𝑘  and 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space. 

Let 𝐴 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is 𝑖𝑗-𝐹𝛼𝑇𝑘  

space, then 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is 
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an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space, then 𝐴 ∈ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . Thus 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑒  space. 

REMARK 4.12 

𝑖𝑗-𝐹𝛼𝑇𝑘  ness and 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 ness are 

independent as it can be seen from the next 

two examples. 

EXAMPLE 4.13 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.2. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space but not an 𝑖𝑗-

𝐹𝑇1 5 
𝜓∗

 space since  𝑎, 𝑏 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋  but 

 𝑎, 𝑏 ∉ 𝑗𝑖-𝐹𝛼𝐶 𝑋 .   

EXAMPLE 4.14 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.1. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space since  𝑏, 𝑐 ∈ 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑋  but  𝑏, 𝑐 ∉ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

 

DEFINITION 4.10 

A fuzzy subset A of a fuzzy bitopological space 

 𝑋, 𝜏1 , 𝜏2  is called an 𝑖𝑗-fuzzy 𝜓∗-open if its 

fuzzy complement is an 𝑖𝑗-fuzzy 𝜓∗-closed of 

 𝑋, 𝜏1 , 𝜏2 . 

THEOREM 4.13 

If  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space, then for each 

𝑥 ∈ 𝑋,  𝑥  is either 𝑖𝑗-fuzzy 𝛼𝑔-closed or 𝑖𝑗-

fuzzy 𝜓∗-open. 

PROOF. 

Suppose that  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space. Let 

𝑥 ∈ 𝑋 and assume that  𝑥 ∉ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 . 

Then  𝑥 ∉ 𝑖𝑗-𝐹𝛼𝐶 𝑋  since every 𝑗𝑖-fuzzy 𝛼-

closed set is an 𝑖𝑗-fuzzy 𝛼𝑔-closed set. So 

𝑋 −  𝑥 ∉ 𝑗𝑖-𝐹𝛼𝑂 𝑋 . Therefore 𝑋- 𝑥 ∈ 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑋  since X is the only 𝑗𝑖-fuzzy 𝛼-open set 

which contains 𝑋- 𝑥 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝐹𝛼𝑇𝑘  space, then 𝑋- 𝑥 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋  or 

equivalently  𝑥 ∈ 𝑖𝑗-𝐹𝜓∗𝑂 𝑋 . 

THEOREM 4.14 

Every 𝑖𝑗-𝐹𝛼𝑇𝑘  space is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space. 

PROOF. 

Let  𝑋, 𝜏1 , 𝜏2  be an 𝑖𝑗-𝐹𝛼𝑇𝑘  space. Let 𝐴 ∈ 𝑖𝑗-

𝐹𝐺𝛼𝐶 𝑋 , then 𝐴 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 . Since 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space, then 𝐴 ∈ 𝑖𝑗-

𝐹𝜓∗𝐶 𝑋 . Therefore  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 

space. 

The following example supports that the 

converse of the above theorem is not true in 

general. 

EXAMPLE 4.15 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.8. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space but not an 𝑖𝑗-

𝐹𝛼𝑇𝑘  space since  𝑐 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋  but 

 𝑐 ∉ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

We show that the class of 𝑖𝑗-𝐹𝑇𝑘  spaces 

properly contains the class of 𝑖𝑗-𝐹𝑇𝑒  spaces, 

and is properly contained in the class of 𝑖𝑗-

𝐹𝛼𝑇𝑘  spaces, the class of 𝑖𝑗-𝐹𝑇𝑙  spaces, and the 

class of 𝑖𝑗-𝐹𝛼𝑇𝑙  spaces. 

THEOREM 4.15 

Every 𝑖𝑗-𝐹𝑇𝑒  space is an 𝑖𝑗-𝐹𝑇𝑘  space. 

PROOF. 

Let  𝑋, 𝜏1 , 𝜏2  be an 𝑖𝑗-𝐹𝑇𝑒  space. Let 𝐴 ∈ 𝑖𝑗-

𝐹𝐺𝑆𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑒  space, 

then 𝐴 ∈ 𝑗𝑖-𝐹𝛼𝐶 𝑋 . Hence, by using Theorem 

3.1, we have 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Therefore 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑘  space. 

The following example supports that the 

converse of the above theorem is not true in 

general. 

EXAMPLE 4.16 
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Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.2. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑘  space but not an 𝑖𝑗-𝐹𝑇𝑒  

space since  𝑎, 𝑐 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋  but  𝑎, 𝑐 ∉ 𝑗𝑖-

𝐹𝛼𝐶 𝑋 .  

THEOREM 4.16 

Every 𝑖𝑗-𝐹𝑇𝑘  space is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space. 

PROOF. 

Let  𝑋, 𝜏1 , 𝜏2  be an 𝑖𝑗-𝐹𝑇𝑘  space. Let 𝐴 ∈ 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑋 , then 𝐴 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 . Since 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑘  space, then 𝐴 ∈ 𝑖𝑗-

𝐹𝜓∗𝐶 𝑋 . Therefore  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  

space. 

The converse of the above theorem is not true 

as it can be seen from the following example. 

EXAMPLE 4.17 

Let 𝑋, 𝜏1 and 𝜏2 be as in the Example 4.5. Then 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space but not an 𝑖𝑗-𝐹𝑇𝑘  

space since  𝑏 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋  but  𝑏 ∉ 𝑖𝑗-

𝐹𝜓∗𝐶 𝑋 . 

THEOREM 4.17 

Every 𝑖𝑗-𝐹𝑇𝑘  space is an 𝑖𝑗-𝐹𝑇𝑙  space. 

PROOF. 

Let  𝑋, 𝜏1 , 𝜏2  be an 𝑖𝑗-𝐹𝑇𝑘  space. Let 𝐴 ∈ 𝑖𝑗-

𝐹𝐺𝑆𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑘  space, 

then 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐺𝐶 𝑋 . Hence, by using 

Theorem 3.2, we have 𝐴 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 . 

Therefore  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑙  space. 

The converse of the above theorem is not true 

as it can be seen from the following example. 

EXAMPLE 4.18 

Let 𝑋 =  𝑎, 𝑏, 𝑐 , 𝜏1 =  𝑋, 𝜙,  𝑎, 𝑏   and 

𝜏2 =  𝑋, 𝜙,  𝑎, 𝑐  . Then  𝑋, 𝜏1 , 𝜏2  is an 

𝑖𝑗 − 𝐹𝑇𝑙  space but not an 𝑖𝑗-𝐹𝑇𝑘  space since 

 𝑐 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋  but  𝑐 ∉ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

Next we prove that the dual of the class of 𝑖𝑗-

𝐹𝑇𝑙  spaces to the class of 𝑖𝑗-𝐹𝑇𝑘  spaces is the 

class of 𝑖𝑗-𝐹𝛼𝑇𝑘  spaces. 

THEOREM 4.18 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝐹𝑇𝑘  space if and only if it is 𝑖𝑗-𝐹𝛼𝑇𝑘  and 𝑖𝑗-𝐹𝑇𝑙  

space. 

PROOF. 

The necessity follows from the Theorem 4.16 

and 4.17. For the sufficiency, suppose that 

 𝑋, 𝜏1 , 𝜏2  is both 𝑖𝑗-𝐹𝛼𝑇𝑘  and 𝑖𝑗-𝐹𝑇𝑙  space. Let 

𝐴 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑙  

space, then 𝐴 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 . Then 𝐴 ∈ 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space, 

then 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Therefore  𝑋, 𝜏1 , 𝜏2  is 

an 𝑖𝑗-𝐹𝑇𝑘  space. 

THEOREM 4.19 

A fuzzy bitopological space  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝐹𝑇𝑒  space if and only if it is 𝑖𝑗-𝐹𝑇𝑘  and 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 

space. 

PROOF. 

The necessity follows from the Theorems 4.8 

and 4.15. For the sufficiency, suppose that 

 𝑋, 𝜏1 , 𝜏2  is both 𝑖𝑗-𝐹𝑇𝑘  and 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space.  
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    𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 

        

      

     𝑖𝑗-𝐹𝑇1 5                                               𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 

                             

 

     𝑖𝑗-𝐹𝛼𝑇𝑒                                                𝑖𝑗-𝐹𝛼𝑇𝑘                               𝑖𝑗-𝐹𝛼𝑇𝑙  

                            

         

     𝑖𝑗- 𝐹𝑇𝑒                                                 𝑖𝑗-𝐹𝑇𝑘                                    𝑖𝑗- 𝐹𝑇𝑙  

Diagram 2 

Let 𝐴 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝐹𝑇𝑘  space, then 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Since 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space, the 𝐴 ∈ 𝑗𝑖-

𝐹𝛼𝐶 𝑋 . Therefore  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑒  

space. 

The following diagram shows the relationships 

between the separation axioms discussed in 

this section (Diagram 2). 

EXAMPLE 4.19 

Let 𝑋 =  𝑎, 𝑏, 𝑐  and 𝛿1, 𝛿2, 𝛿3 be fuzzy sets of 

X defined as follows 

𝛿1 =   0.5, 0.5, 0.5 ,  0.2, 0, 0 ,  0.8, 1, 1   

𝛿2 =   0.5, 0.5, 0.5 ,  0, 0.1, 0 ,  1, 0.9, 1   

Clearly, 

𝜏1 =  0,1, 𝛿1 , 𝛿2 , 𝛿1 ∨ 𝛿2  and 

𝜏2 =  0,1, 𝛿3  are fuzzy topologies on X.  

Let 𝑓 ∶  𝑋, 𝜏1 →  𝑋, 𝜏2  be defined by 

𝑓 𝑥 = 𝑥 for each 𝑥 ∈ 𝑋. 

(arrows 1,2) 𝛿2 ∈ 12-𝐹𝛼𝑇𝑒  ∧ 12-𝐹𝑇𝑘  space but 

not an 12- 𝐹𝑇𝑒  space. Since  𝑏 ∈ 12- 𝐹𝐺𝑆𝐶(𝑋) 

but  𝑏 ∉ 21- 𝐹𝛼𝐶 𝑋 . 

(arrow 3,6) 𝛿1 ∈ 12-𝐹𝛼𝑇𝑘  ∧ 12-𝐹𝑇𝑙  space but 

an 12- 𝐹𝑇𝑘  space. Since  𝑐 ∈ 12- 𝐹𝐺𝑆𝐶(𝑋) but 

 𝑐 ∉ 12- 𝐹𝜓∗𝐶 𝑋 . 

(arrow 8,4) 𝛿2 ∈ 12-𝐹𝑇1 5  ∧ 12-𝐹𝛼𝑇𝑘  space 

but an 12- 𝐹𝛼𝑇𝑒  space. Since  𝑎, 𝑐 ∈ 12-

𝐹𝛼𝐺𝐶(𝑋) but an  𝑎, 𝑐 ∉ 21- 𝐹𝛼𝐶 𝑋 . 

(arrow 5) 𝛿2 ∈ 12-𝐹𝛼𝑇𝑙  space but an 12- 𝐹𝑇𝑒  

space. Since  𝑐 ∈ 12- 𝐹𝛼𝐺𝐶(𝑋) but   𝑐 ∉ 21-

 𝐹𝛼𝐶 𝑋 . 

(arrow 7) 𝛿2 ∈ 12-𝐹𝛼𝑇𝑙  space but an 12- 𝐹𝑇𝑒  

space. Since  𝑐 ∈ 12- 𝐹𝐺𝑆𝐶(𝑋) but  𝑐 ∉ 21-

 𝐹𝛼𝐶 𝑋 . 

(arrow 9) 𝛿2 ∈ 12-𝜓∗
𝐹𝑇1 5 

 space but an 12-

 𝐹𝛼𝑇𝑘  space. Since  𝑐 ∈ 12- 𝐹𝛼𝐺𝐶(𝑋) but 

 𝑐 ∉ 12- 𝐹𝜓∗𝐶 𝑋 . 

(arrow 10) 𝛿2 ∈ 12-𝜓∗
𝐹𝑇1 5 

space but an 12-

 𝐹𝑇1 5  space. Since  𝑏, 𝑐 ∈ 12- 𝐹𝐺𝛼𝐶(𝑋) but 

 𝑏, 𝑐 ∉ 21- 𝐹𝛼𝐶 𝑋 . 

(arrow 11) 𝛿1 ∈ 12-𝐹𝑇1 5 
𝜓∗

 space but 12- 𝐹𝑇1 5  

space. Since  𝑎, 𝑏 ∈ 12- 𝐹𝐺𝛼𝐶(𝑋) but 

 𝑎, 𝑏 ∉ 21- 𝐹𝛼𝐶 𝑋 . 
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𝒊𝒋-FUZZY 𝝍∗-CONTINUOUS AND 𝒊𝒋-

FUZZY 𝝍∗-IRRESOLUTE FUNCTIONS 

We introduce the following definition. 

DEFINITION 5.1 

A function 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  is called 

𝑖𝑗-fuzzy 𝜓∗-continuous if ∀ 𝑉 ∈ 𝑗-

𝐹𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 .  

𝑗-fuzzy continuous          𝑖𝑗-fuzzy 𝑔-continuous          𝑖𝑗-fuzzy 𝛼𝑔-continuous       𝑖𝑗-fuzzy 𝑔𝑝-continuous 

                                                  

 

𝑗𝑖-fuzzy 𝛼-continuous    𝑖𝑗-fuzzy 𝜓∗-continuous          𝑖𝑗-fuzzy 𝑔𝛼-continuous     𝑖𝑗-fuzzy 𝑔𝑠-continuous 

 

 

𝑗𝑖-fuzzy semi-continuous   𝑖𝑗-fuzzy 𝑠𝑔-continuous   𝑖𝑗-fuzzy 𝑠𝑝𝑔-continuous   𝑖𝑗-fuzzy 𝑔𝑠𝑝-continuous 

 

 

                               

                     𝑗𝑖-fuzzy semi-precontinuous                                               𝑗𝑖-fuzzy pre-continuous 

DIAGRAM 3 

The following diagram shows the relationships 

of 𝑖𝑗-fuzzy 𝜓∗-continuous functions with some 

other functions discussed in this section 

(Diagram 3). 

EXAMPLE 5.1 

Let 𝑋 =  𝑎, 𝑏, 𝑐 . The fuzzy sets 𝜆, 𝜇, 𝜐, 𝐴, 𝐵 are 

defined on X as follows, 

𝜆 ∶ 𝑋 →  0, 1  is defined as 𝜆 𝑎 = 0.4, 𝜆 𝑏 =

0.5, 𝜆 𝑐 = 0.5. 

𝜇 ∶ 𝑋 →  0, 1  is defined as 𝜇 𝑎 = 0.4, 𝜇 𝑏 =

0.4, 𝜇 𝑐 = 0.5. 

𝜐 ∶ 𝑋 →  0, 1  is defined as 𝜐 𝑎 = 0.3, 𝜐 𝑏 =

0.5, 𝜐 𝑐 = 0.2. 

𝐴 ∶ 𝑋 →  0, 1  is defined as 𝐴 𝑎 = 0.4, 𝐴 𝑏 =

0.3, 𝐴 𝑐 = 0.5. 

𝐵 ∶ 𝑋 →  0, 1  is defined as 𝐵 𝑎 = 0.5, 𝐵 𝑏 =

0.4, 𝐵 𝑐 = 0.6 

Then 𝜏1 =  0,1, 𝜆, 𝜇, 𝜐  and  

𝜏2 =  0,1, 𝐴, 𝐵  are fuzzy topologies on X. 

Let 𝑓 ∶   𝑋, 𝜏1 →  𝑋, 𝜏2  be defined by 

𝑓 𝑎 = 𝑎 for each 𝑥 ∈ 𝑋. 

(arrows 1,5) If f is defined by 𝑓 𝑎 = 𝑏, 

𝑓 𝑏 = 𝑐 and 𝑓 𝑐 = 𝑎. We have f is 12- 𝐹𝑔-

continuous, but it is not 1-Fuzzy continuous. 

Since there exist  𝑏 ∈ 1-𝐹𝐶(𝑋) but 

𝑓−1  𝑏  =  𝑎 ∉ 1-𝐹𝐶(𝑋). Also, f is 12- 𝐹𝑔𝛼-

continuous but it is not 2-Fuzzy continuous. 

Since there exist  𝑏, 𝑎 ∈ 2-𝐹𝐶(𝑋) such that 

𝑓−1  𝑏, 𝑎  =  𝑎, 𝑐 ∉ 2-𝐹𝐶(𝑋). 

(arrows 4,6) If f is defined by 𝑓 𝑎 = 𝑎, 𝑓 𝑏 =

𝑐 and 𝑓 𝑐 = 𝑏. We have f is 12-Fuzzy 𝜓∗-

continuous, but it is not 21-Fuzzy 2-continuous. 

Since there exist  𝑎 ∈ 2-𝐹𝐶(𝑋) but 
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𝑓−1  𝑎  =  𝑐 ∉ 12-𝐹𝐺𝐶(𝑋). Also, f is not 2-

Fuzzy continuous. Since there exist  𝑏, 𝑎 ∈ 2-

𝐹𝐶(𝑋) such that 𝑓−1  𝑏, 𝑎  =  𝑎, 𝑏 ∉ 12-

𝐹𝑃𝐶(𝑋). 

(arrows 7,15) If f is defined by 𝑓 𝑎 = 𝑐, 𝑓 𝑏 =

𝑎 and 𝑓 𝑐 = 𝑏. We have f is 12-𝐹𝑠𝑝𝑔-

continuous ∧ 21-Fuzzy semi-Pre Continuous, 

but it is not 12-𝐹𝑠𝑔-continuous. Since there 

exist  𝑏 ∈ 21-𝐹𝐶(𝑋) such that 𝑓−1  𝑏  =

 𝑏, 𝑐 ∉ 12-𝐹𝐺𝑃𝐶(𝑋). 

(arrow 2) If f is defined by 𝑓 𝑎 =  𝑓 𝑏 = 𝑐 

and 𝑓 𝑐 = 𝑎. We have f is 12-𝐹𝛼𝑔-

continuous, but it is not 2-Fuzzy continuous. 

Since there exist  𝑐 ∈ 2-𝐹𝐶(𝑋) but 𝑓−1  𝑐  =

 𝑎 ∉ 2-𝐹𝐺𝐶(𝑋). 

(arrow 3) If f is defined by 𝑓 𝑐 =  𝑓 𝑎 = 𝑏 

and 𝑓 𝑏 = 𝑎. We have f is 12-𝐹𝑔𝑝-

continuous, but it is not 2-Fuzzy continuous. 

Since there exist  𝑏 ∈ 2-𝐹𝑃𝐶(𝑋) but 

𝑓−1  𝑏  =  𝑎 ∉ 2-𝐹𝐶(𝑋). 

(arrow 8) If f is defined by 𝑓 𝑎 = 𝑏, and 

𝑓 𝑏 = 𝑓 𝑐 = 𝑎. We have f is 12-𝐹𝑔𝑠𝑝-

continuous, but it is not 21-Fuzzy semi-

continuous.  

(arrow 9) If f is defined by 𝑓 𝑎 = 𝑐, 𝑓 𝑏 = 𝑎 

and 𝑓 𝑐 = 𝑏. We have f is 21-Fuzzy 𝛼-

continuous, but it is not 1-Fuzzy continuous. 

(arrow 10) If f is defined by 𝑓 𝑎 = 𝑓 𝑏 = 𝑐 

and 𝑓 𝑐 = 𝑏. We have f is 12-𝐹𝛼𝑔-continuous, 

but it is not 2-Fuzzy continuous. Since there 

exist  𝑐 ∈ 21-𝐹𝛼𝐶(𝑋) such that 𝑓−1  𝑐  =

 𝑎, 𝑏 ∉ 12-𝐹𝐺𝐶(𝑋). 

(arrow 11) If f is defined by 𝑓 𝑏 =  𝑓 𝑐 = 𝑏 

and 𝑓 𝑎 = 𝑐. We have f is 12-𝐹𝑔𝑠-continuous, 

but it is not 21-Fuzzy 𝛼-continuous. 

(arrow 12) If f is defined by 𝑓 𝑎 = 𝑓 𝑐 = 𝑏 

and 𝑓 𝑏 = 𝑎. We have f is 21-Fuzzy semi 

continuous, but it is not 21-Fuzzy 𝛼-continuous.  

(arrow 13) If f is defined by 𝑓 𝑎 = 𝑓 𝑏 = 𝑐 

and 𝑓 𝑐 = 𝑏. We have f is 12-𝐹𝑔𝛼-continuous, 

but it is not 2-Fuzzy continuous. 

(arrow 14) If f is defined by 𝑓(𝑏) = 𝑓 𝑐 = 𝑏 

and 𝑓 𝑎 = 𝑐. We have f is 12-𝐹𝑔𝑠𝑝-

continuous. Since there exist  𝑏 ∈ 2-𝐹𝑔𝐶(𝑋) 

but it is not 𝑓−1  𝑏  =  𝑐 ∉ 12-𝐹𝐶(𝑋). 

(arrow 16) If f is defined by 𝑓 𝑎 = 𝑓 𝑏 =

𝑓 𝑐 = 𝑎. We have f is 12-𝐹𝑔𝑠𝑝-continuous, 

but it is not 21-Fuzzy semi continuous. 

(arrow 17) If f is defined by 𝑓 𝑐 = 𝑏, 𝑓 𝑏 = 𝑎 

and 𝑓 𝑎 = 𝑐. We have f is 12-Fuzzy semi pre-

continuous, but it is not 21-Fuzzy semi-

continuous.  

(arrow 18) If f is defined by 𝑓 𝑎 = 𝑏, 𝑓 𝑏 = 𝑐 

and 𝑓 𝑐 = 𝑎. We have f is 12-𝐹𝑠𝑝𝑔-

continuous, but it is not 12-Fuzzy 𝛼-continuous. 

Since there exist  𝑏 ∈ 1-𝐹𝐶(𝑋) such that 

𝑓−1  𝑏  =  𝑎 ∉ 1-𝐹𝐶(𝑋). 

THEOREM 5.1 

Every 𝑗𝑖-fuzzy 𝛼-continuous function is 𝑖𝑗-fuzzy 

𝜓∗-continuous. 

The following example supports that the 

converse of the above theorem is not true in 

general. 

EXAMPLE 5.2 

Let 𝑋 =   𝑎, 𝑏, 𝑐  and 𝑌 =   𝛼, 𝛽, 𝛾   

Define fuzzy sets 𝜆1 , 𝜆2  and 𝜇1 as follows 

𝜆1 𝑎 = 0.4, 𝜆1 𝑏 = 0.3, 𝜆1 𝑐 = 0.2 

𝜆2 𝑎 = 𝜇1 𝛼 = 0.6, 𝜆2 𝑏 = 𝜇1 𝛽 = 0.7, 

𝜆2 𝑐 = 𝜇1 𝛾 = 0.8    

Let 𝜏1 , 𝜏2 and 𝜎1 , 𝜎2 be defined as follows  

𝜏1 𝜆 =  

1                   , 𝑖𝑓 𝜆 = 0 𝑜𝑟 1
1

2                  , 𝑖𝑓 𝜆 = 𝜆1   

0                  , 𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒
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𝜏2 𝜆 =  

0                  , 𝑖𝑓 𝜆 = 0 𝑜𝑟 1
1

2                , 𝑖𝑓 𝜆 = 𝜆1   

1                  , 𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒

  

𝜎1 𝜇 =  

1                  , 𝑖𝑓 𝜇 = 0 𝑜𝑟 1
1

2                , 𝑖𝑓 𝜇 = 𝜇1   

0                  , 𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒

  

𝜎2 𝜇 =  

0                  , 𝑖𝑓 𝜇 = 0 𝑜𝑟 1
1

2                , 𝑖𝑓 𝜇 = 𝜇1   

1                  , 𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒

  

Then the function 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  is 

defined by  

𝑓 𝑎 = 𝛼, 𝑓 𝑏 = 𝛽, 𝑓 𝑐 = 𝛾. 

Then f is not 21-fuzzy 𝛼-continuous function. 

Since 𝜇1  ∈ 2-𝐹𝐶 𝑌  but 𝑓−1 𝜇1 = 𝜆2 ∉ 21-

𝐹𝛼𝐶 𝑋 . 

However f is 12-Fuzzy 𝜓∗-continuous function.   

THEOREM 5.2 

Every 𝑖𝑗-fuzzy 𝜓∗-continuous function is 𝑖𝑗-fuzzy 

𝑔𝛼-continuous. 

The following example supports that the 

converse of the above theorem is not true in 

general. 

EXAMPLE 5.3 

Let 𝑋 =  𝑌 =  𝑎, 𝑏, 𝑐  

Define fuzzy sets 𝜆, 𝛿, 𝛽 ∶ 𝑋 = 𝑌 →  0, 1  by the 

equation 

𝜆 𝑎 = 0.5, 𝜆 𝑏 = 0, 𝜆 𝑐 = 0 

𝛿 𝑎 = 0, 𝛿 𝑏 = 0.6, 𝛿 𝑐 = 0 and 

𝛽 𝑎 = 0.6, 𝛽 𝑏 = 0.6, 𝛽 𝑐 = 1 

Then 𝜏1 =  1, 0, 𝜆, 𝛽  and  

𝜏2 =  1, 0 𝛿  are fuzzy topologies on X and Y. 

Let 𝛿 be the non fuzzy open set in  𝑋, 𝜏1 . 

Then 

𝜏 𝛿 =  1, 0, 𝜆, 𝛿, 𝜆 ∨ 𝛿 . 

Let 𝜆1 𝑎 = 0.3, 𝜆1 𝑏 = 0, 𝜆1 𝑐 = 0 be the 

fuzzy subset in  𝑋, 𝜏1 . 

If 𝑓 ∶  𝑋, 𝜏1 →  𝑌, 𝜏2  be defined by  

𝑓 𝑎 = 𝑎, 𝑓 𝑏 = 𝑏, 𝑓 𝑐 = 𝑐,                   

then f is not 12-Fuzzy 𝜓∗-continuous function. 

Since 𝛿 ∈ 2-𝐹𝐶 𝑌  but 𝑓−1 𝛿 = 𝛽 ∉ 12-

𝐹𝜓∗𝐶 𝑋 . 

However f is 12-𝐹𝑔𝛼-continuous function.    

THEOREM 5.3 

If 𝑓1 ∶  𝑋1 , 𝜏1 , 𝜏2 →  𝑌1 , 𝜎1, 𝜎2  and 𝑓1 ∶

 𝑋2 , 𝜏1
∗, 𝜏2

∗ →  𝑌1 , 𝜎1
∗, 𝜎2

∗  be two 𝑖𝑗-fuzzy 𝜓∗-

continuous functions. Then the function 

𝑓 ∶   𝑋1 × 𝑋2 , 𝜏1 × 𝜏1
∗, 𝜏2 × 𝜏2

∗  →

  𝑌1 × 𝑌2 , 𝜎1 × 𝜎1
∗, 𝜎2 × 𝜎2

∗  defined by 

𝑓 𝑥1 , 𝑥2 =  𝑓 𝑥1 , 𝑓 𝑥2   is 𝑖𝑗-fuzzy 𝜓∗-

continuous. 

PROOF. 

Let 𝑉1 ∈ 𝑗-𝐹𝑂 𝑌1  and 𝑉2 ∈ 𝑗-𝐹𝑂 𝑌2 . Since 𝑓1 

and 𝑓2 are two 𝑖𝑗-fuzzy 𝜓∗-continuous, then 

𝑓−1 𝑉1 ∈ 𝑖𝑗-𝐹𝜓
∗𝑂 𝑋1  and 𝑓−1 𝑉2 ∈ 𝑖𝑗-

𝐹𝜓∗𝑂 𝑋2 . Hence, by using Theorem 3.5, we 

have 𝑓−1 𝑉1 × 𝑓−1 𝑉2 ∈ 𝑖𝑗-𝐹𝜓∗𝑂 𝑋1 × 𝑋1 . 

We introduce the following definition. 

DEFINITION 5.2 

A function 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  is called 

𝑖𝑗-fuzzy 𝜓∗-irresolute if ∀ 𝑉 ∈ 𝑖𝑗-

𝐹𝜓∗𝐶 𝑌 , 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 .  

THEOREM 5.4 

Every 𝑖𝑗-fuzzy 𝜓∗-irresolute function is 𝑖𝑗-fuzzy 

𝜓∗-continuous. 
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The following example supports that the 

converse of the above theorem is not true in 

general. 

EXAMPLE 5.4 

Let 𝑋 = 𝑌 =   𝑎, 𝑏, 𝑐 . 

Define fuzzy sets 𝜆, 𝛿1 , 𝛿2 ∶ 𝑋 →  0, 1  by the 

equation 

𝜆 𝑎 = 0.4, 𝜆 𝑏 = 0, 𝜆 𝑐 = 1 

𝛿1 𝑎 = 0, 𝛿1 𝑏 = 0.5, 𝛿1 𝑐 = 0 and 

𝛿2 𝑎 = 0, 𝛿2 𝑏 = 0, 𝛿2 𝑐 = 0.6 

And 𝛾 ∶ 𝑌 →  0,1  defined by  

𝛾 𝑎 = 1, 𝛾 𝑏 = 0.5, 𝛾 𝑐 = 0 

Then 𝜏1 =  1, 0, 𝜆  and  

𝜏2 =  1, 0, 𝛾  is a fuzzy topologies on X and Y. 

Let 𝛿1 be the non fuzzy open set in  𝑋, 𝜏1 , then 

𝜏1 𝛿1 =  1, 0, 𝜆, 𝛿1 , 𝜆 ∨ 𝛿1  and 𝛿2 be the non 

fuzzy open set in  𝑌, 𝜏2 , then 𝜏2 𝛿2 =

 1, 0, 𝛾, 𝛿2 , 𝛾 ∨ 𝛿2 . 

Let 𝑓 ∶  𝑋, 𝜏1 →  𝑌, 𝜏2  be defined by  

𝑓 𝑎 = 𝑏, 𝑓 𝑏 = 𝑎, 𝑓 𝑐 = 𝑐                   

Then f is not 12-Fuzzy 𝜓∗-irresolute function. 

Since 𝛿1 ∈ 12-𝐹𝜓∗𝐶 𝑌  but 𝑓−1 𝛿1 = 𝛾 ∉ 12-

𝐹𝜓∗𝐶 𝑋 . 

However f is 12-Fuzzy 𝜓∗-continuous function. 

THEOREM 5.5 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  and 𝑔 ∶

 𝑌, 𝜎1, 𝜎2 →  𝑍, 𝜂1 , 𝜂2  be any two functions. 

Then 

(1) 𝑔 ∘ 𝑓 is 𝑖𝑗-fuzzy 𝜓∗-continuous if g is 𝑗-fuzzy 

continuous and f is 𝑖𝑗-fuzzy 𝜓∗-continuous. 

(2) 𝑔 ∘ 𝑓 is 𝑖𝑗-fuzzy 𝜓∗-irresolute if both f and g 

are 𝑖𝑗-fuzzy 𝜓∗-irresolute. 

(3) 𝑔 ∘ 𝑓 is 𝑖𝑗-fuzzy 𝜓∗-continuous if g is 𝑖𝑗-

fuzzy 𝜓∗-continuous and f is 𝑖𝑗-fuzzy 𝜓∗-

irresoloute. 

PROOF. 

Let 𝑉 ∈ 𝑗-𝐹𝐶 𝑍 , since g is 𝑗-fuzzy continuous, 

then 𝑔−1 𝑉 ∈ 𝑗-𝐹𝐶 𝑌 . Since f is 𝑖𝑗-fuzzy 𝜓∗-

continuous, then we have 𝑓−1 𝑔−1 𝑉  ∈ 𝑖𝑗-

𝐹𝜓∗𝐶 𝑋 . Consequently, 𝑔 ∘ 𝑓 is 𝑖𝑗-fuzzy 𝜓∗-

continuous. 

(2)- (3) Similarly. 

THEOREM 5.6 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  be an 𝑖𝑗-fuzzy 

𝜓∗-continuous function. If  𝑋, 𝜏1 , 𝜏2  is 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 

space, then f is 𝑗𝑖-fuzzy 𝛼-continuous function. 

PROOF. 

Let 𝑉 ∈ 𝑗-𝐹𝐶 𝑌 . Since f is 𝑖𝑗-fuzzy 𝜓∗-

continuous, then 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Since 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space, then 𝑓−1 𝑉 ∈

𝑗𝑖-𝐹𝛼𝐶 𝑋 . Consequently, f is 𝑗𝑖-fuzzy 𝛼-

continuous.         

THEOREM 5.7 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  be an 𝑖𝑗-fuzzy 

𝛼𝑔-continuous function. If  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-

𝐹𝛼𝑇𝑘  space, then f is 𝑖𝑗-fuzzy 𝜓∗-continuous. 

PROOF. 

Let 𝑉 ∈ 𝑗-𝐹𝐶 𝑌 . Since f is an 𝑖𝑗-fuzzy 𝛼𝑔-

contiuous function, thus 𝑓−1 𝑉 ∈ 𝑖𝑗-

𝐹𝛼𝐺𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space, 

then 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Consequently, f is 

𝑖𝑗-fuzzy 𝜓∗-continuous. 

THEOREM 5.8 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  be an 𝑖𝑗-fuzzy 

𝑔𝛼-continuous function. If  𝑋, 𝜏1 , 𝜏2  is 𝑖𝑗-

𝜓∗
𝐹𝑇1 5 

 space, then f is 𝑖𝑗-fuzzy 𝜓∗-continuous. 
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PROOF. 

Let 𝑉 ∈ 𝑗-𝐹𝐶 𝑌 . Since f is an 𝑖𝑗-fuzzy 𝑔𝛼-

continuous function, thus 𝑓−1 𝑉 ∈ 𝑖𝑗-

𝐹𝐺𝛼𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 

space, then 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . 

Consequently, f is 𝑖𝑗-fuzzy 𝜓∗-continuous. 

THEOREM 5.9 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  be an 𝑖𝑗-fuzzy 

𝑔𝑠-continuous function. If  𝑋, 𝜏1 , 𝜏2  is 𝑖𝑗-𝐹𝑇𝑘  

space, then f is 𝑖𝑗-fuzzy 𝜓∗-continuous. 

PROOF. 

Let 𝑉 ∈ 𝑗-𝐹𝐶 𝑌 . Since f is an 𝑖𝑗-fuzzy 𝑔𝑠-

continuous function, thus 𝑓−1 𝑉 ∈ 𝑖𝑗-

𝐹𝐺𝑆𝐶 𝑋 . Since  𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑘  space, 

then 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Consequently, f is 

𝑖𝑗-fuzzy 𝜓∗-continuous. 

THEOREM 5.10 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  be onto, 𝑖𝑗-fuzzy 

𝜓∗-irresolute and 𝑗𝑖-fuzzy 𝛼-closed. If  𝑋, 𝜏1 , 𝜏2  

is 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space, then  𝑌, 𝜎1, 𝜎2  is also an 𝑖𝑗-

𝐹𝑇1 5 
𝜓∗

 space. 

PROOF. 

Let 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑌 . Since f is 𝑖𝑗-fuzzy 𝜓∗-

irresolute, then 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Since 

 𝑋, 𝜏1 , 𝜏2  is 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space, then 𝑓−1 𝑉 ∈ 𝑗𝑖-

𝐹𝛼𝐶 𝑋 . Since f is 𝑗𝑖-fuzzy 𝛼-closed and onto. 

Then we have 𝑉 ∈ 𝑗𝑖-𝐹𝛼𝐶 𝑌 . Therefore 

 𝑌, 𝜎1, 𝜎2  is also an 𝑖𝑗-𝐹𝑇1 5 
𝜓∗

 space. 

We introduce the following definition. 

DEFINITION 5.3 

A function 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  is called 

an 𝑖𝑗-fuzzy pre-𝜓∗-closed if 𝐴 ∈ 𝑖𝑗-

 𝐹𝜓∗𝐶 𝑋 , 𝑓 𝐴 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑌 . 

THEOREM 5.11 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  be onto, 𝑖𝑗-fuzzy 

𝑔𝛼-irresolute and 𝑖𝑗-fuzzy pre- 𝜓∗-closed. If 

 𝑋, 𝜏1 , 𝜏2  is 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space, then  𝑌, 𝜎1, 𝜎2  is 

also an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space. 

PROOF. 

Let  𝑉 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑌 . Since f is 𝑖𝑗-fuzzy 𝑔𝛼-

irresolute, then 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝛼𝐶 𝑋 . Since 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space. Since f is 𝑖𝑗-

fuzzy pre-𝜓∗-closed and onto. Then we have 

𝑓  𝑓−1 𝑉  = 𝑉 ∈ 𝑖𝑗-𝐹𝜓∗𝐶 𝑌 . Therefore 

 𝑌, 𝜎1, 𝜎2  is also an 𝑖𝑗-𝜓∗
𝐹𝑇1 5 

 space. 

THEOREM 5.12 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  be onto, 𝑖𝑗-fuzzy 

𝛼𝑔-irresolute and 𝑖𝑗-fuzzy pre-𝜓∗-closed. If 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space, then  𝑌, 𝜎1 , 𝜎2  

is also an 𝑖𝑗-𝐹𝛼𝑇𝑘  space. 

PROOF. 

Let 𝑉 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑌 . Since f is 𝑖𝑗-fuzzy 𝛼𝑔-

irresolute, then 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝛼𝐺𝐶 𝑋 . Since 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝛼𝑇𝑘  space, then 𝑓−1 𝑉 ∈

𝑖𝑗-𝐹𝜓∗𝐶 𝑋 . Since f is 𝑖𝑗-fuzzy pre-𝜓∗-closed 

and onto. Then we have 𝑓  𝑓−1 𝑉  = 𝑉 ∈ 𝑖𝑗-

𝐹𝜓∗𝐶 𝑌 . Therefore,  𝑌, 𝜎1, 𝜎2  is also an 𝑖𝑗-

𝐹𝛼𝑇𝑘  space.   

THEOREM 5.13 

Let 𝑓 ∶  𝑋, 𝜏1 , 𝜏2 →  𝑌, 𝜎1 , 𝜎2  be onto, 𝑖𝑗-fuzzy 

𝑔𝑠-irresolute and 𝑖𝑗-fuzzy pre-𝜓∗-closed. If 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑘  space, then  𝑌, 𝜎1 , 𝜎2  is 

also an 𝑖𝑗-𝐹𝑇𝑘  space. 

PROOF. 

Let 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑌 . Since f is 𝑖𝑗-fuzzy 𝑔𝑠-

irresolute, then 𝑓−1 𝑉 ∈ 𝑖𝑗-𝐹𝐺𝑆𝐶 𝑋 . Since 

 𝑋, 𝜏1 , 𝜏2  is an 𝑖𝑗-𝐹𝑇𝑘  space, then 𝑓−1 𝑉 ∈ 𝑖𝑗-

𝐹𝜓∗𝐶 𝑋 . Since f is 𝑖𝑗-fuzzy pre- 𝜓∗-closed and 

onto. Then we have 𝑓  𝑓−1 𝑉  = 𝑉 ∈ 𝑖𝑗-

𝐹𝜓∗𝐶 𝑌 . Therefore  𝑌, 𝜎1 , 𝜎2  is also an 𝑖𝑗-

𝐹𝑇𝑘  space.   
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