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GENERALIZED FUZZY 1)*-CLOSED SETS IN FUZZY
BITOPOLOGICAL SPACES

M PALANISAMY’

ABSTRACT

In this paper, we introduce and study a new class of fuzzy sets in a fuzzy
bitopological space(X, t1,7,), namely, ij-fuzzy P *-closed sets, which settled
properly in between the class of ji-fuzzy a-closed sets and the class of ij-fuzzy
ga-closed sets. We also introduce and study new classes of spaces, namely,
ij- FTy /5 spaces, ij- FT, spaces, ij- FaT, spaces, ij- FT; spaces and ij-FaT;
spaces. As applications of ij-fuzzy *-closed sets, we introduce and study four
new classes of spaces, namely, ij- FTlll;*5 spaces, ij—l/)*FTl/5 spaces (both
classes contain the class of ij- FTy,5 spaces), ij- FaT, spaces and ij- FTj
spaces. The class of ij- FT, spaces is properly placed in between the class of
ij- FT, spaces and the class of ij- FT; spaces. It is shown that dual of the class
of ij- FT{’}; spaces to the class of ij- FaT, spaces is the class of ij- FaT)

spaces and the dual of the class of ij- l/)*FTI/S spaces to the class of ij- FT; /5

spaces is the class of ij- Fle/; spaces and also that the dual of the class ij-

FT, spaces to the class of ij- FT, spaces is the class of ij- FaT, spaces.
Further we introduce and study ij-fuzzy i *continuous functions and ij-fuzzy
Y™ irresolute functions.

KEYWORDS: ij-fuzzy y*-closed sets, ij-fuzzy ¥ *-continuous functions, ij-

FTy /5 spaces, ij- FTlll}*5 spaces, ij—l/)*FTI/S spaces.

INTRODUCTION

Recently the fuzzy topological structure 7 on a
set X has a lot of applications in many real life
applications. The abstractness of a set X
enlarges the range of its applications. For
example, a special type of this fuzzy topological
structure is the basic topological structure for
fuzzy rough set theory and moreover, 7 and its
generalizations are applied in biochemical

studies [1-3].

The work presented in this paper will open the

way for using two viewpoints in these
applications. That is, to apply two topologies at
the same time. The concepts of fg-closed sets,
fgs-closed sets, fsg-closed sets, fga-closed
sets, fag-closed sets, fgp-closed sets, fgsp-
closed sets and fspg- closed sets have been

introduced in fuzzy topological spaces ([4-10]).
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Ismail lbedou [11] introduced the concepts
of ij- FGC(X), ij- FGSC(X), ij-FSGC(X), ij-

FGaC(X), ij-FaGC(X), ij-FGPC(X), ij-
FGSPC(X) and ij- FSPGC(X) subset of
(X,71,72). Abd Allah and Nawar [12]

introduced the concept of fuzzy Y *-open sets
and studied the properties of
FTy s, FT,, FaT,, FT}, FaT;. In this paper, we
introduce a new class of fuzzy sets in a fuzzy
bitopological space (X, 7, 13), namely, ij-fuzzy
Y* closed sets, which settled properly in
between the class of ji-fuzzy a-closed sets and
the class of ij-fuzzy ga-closed sets. And we
extend the properties to a fuzzy bitopological
space (X, T1,T3).

Also we use the family of ij-fuzzy 1p*-closed
sets to introduce some types of properties in
(X,741,T7), and we study the relation between
these properties. The concepts of fuzzy pre-
continuous, fuzzy semi-continuous, fuzzy a-
continuous, fuzzy sp-continuous, fuzzy g-
continuous, fuzzy ag-continuous, fuzzy ga-
continuous, fuzzy gs-continuous, fuzzy sg-
continuous, fuzzy gsp-continuous, fuzzy spg-
continuous, fuzzy gp-continous, fuzzy gc-
irresolute, fuzzy gs-irresolute, fuzzy ag-
irresolute and fuzzy ga-irresolute functions
have been introduced in fuzzy topological
spaces ([7,10, 13-28]). Ibedou [11]
introduced the concepts of (ij-fuzzy pre-

Ismail

continuous, ij-fuzzy semi-continuous, ij-fuzzy
a-continuous, ij-fuzzy sp-continuous, ij-fuzzy
g-continuous, ij- fuzzy ag-continuous, ij-fuzzy
ga-continuous, ij-fuzzy gs-continuous, ij-fuzzy
sg-continuous, ij-fuzzy gsp-continuous, ij-
fuzzy spg-continuous, ij-fuzzy gp-continuous,
ij-fuzzy gc-irresolute, ij-fuzzy gs-irresolute, ij-
fuzzy ag-irresolute, ij-fuzzy ga-irresolute)
functions in fuzzy bitopological spaces. In this
paper, we introduce a new functions in a fuzzy
bitopological space (X, ty,7;), namely, ij-fuzzy
P*-continuous functions and ij-fuzzy P*-
irresolute functions.

© Eureka Journals 2019. All Rights Reserved.

PRELIMINARIES

DEFINITION 2.1 [23]

A fuzzy subset A of a fuzzy bitopological space
(X, 14, 7) is called:

(1) ij-fuzzy preopen if A < t;-int (Tj — cl(A))

and ij-fuzzy preclosed if T;-cl (Tj —
int(A)) < A.

(2) ij-fuzzy semi-open if A< Tj-Cl(Ti -
int(A)) and ij-fuzzy semi-closed if T;-
int(t; — cl(4)) < A.

(3) ij-fuzzy a-open if A< 7i-int (Tj -
cl(r; — int(A))) and ij-fuzzy a-closed if 7;-
cl (Tj — int(ri — cl(A))) <A.

(4) ij-fuzzy semi-preopen if A <7;-cl (Tl- —
int (Tj — cl(A))) and  ij-fuzzy semi

preclosed if 7~ int (Ti —cl (Tj —

int(4))) < 4.

The class of all ij-fuzzy preopen (resp. ij-fuzzy
semi-open, ij-fuzzy a-open and ij- fuzzy semi-
preopen) sets in a fuzzy bitopological space
(X,741,7T3) is denoted by ij- FPO(X) (resp. ij-
FSO(X), ij-FaO(X) and ij- FSPO(X)). The
class of all ij-fuzzy preclosed (resp. ij- fuzzy
semi-closed, ij-fuzzy a-closed and ij-fuzzy
semi-preclosed) sets in a fuzzy bitopological
space (X,t1q,72) is denoted by ij- FPC(X)
(resp. ij-FSC(X), ij-FaC(X) and ij- FSPC(X)).

DEFINITION 2.2 [23]

For a fuzzy subset A of a fuzzy bitopological
space (X, t1,T;), the ij-fuzzy pre-closure (resp.
ij-fuzzy semi-closure, ij-fuzzy a-closure and ij-
fuzzy semi-pre-closure) of A are denoted and
defined as follow:

(1) ij — fpcl(A) =n{F <X :F €ij —
FPC(X),F = A}.
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(2) ij — fscl(A) =A{F <X:F€ij—
FSC(X),F = A}.

(3) ij — facl(A) =n{F <X:Fe€ij—
FaC(X),F = A}.

(4) ij — fspcl(A) =A{F < X :F € ij —
FSPC(X),F = A}.

Dually, the ij-fuzzy preinterior (resp. ij-fuzzy
semi-interior, ij-fuzzy a-interior and ij- fuzzy
semi-preinterior) of A, denoted by ij-fpint(A)
ij- fsint(A), ij-faint(A) and ij-
fspint(A)) is the union of all ij-fuzzy preopen

(resp.

(resp. ij-fuzzy semi-open, ij-fuzzy a-open and
ij-fuzzy semi-preopen) fuzzy subsets of X
contained in A.

DEFINITION 2.3 [11]

A fuzzy subset A of a fuzzy bitopological space
(X, 19, T) is called:

(1) ij- fuzzy g-closed (denoted by ij- FGC(X))
if, A< U, UE€T, = j-fcl(4) < U.
(2) ij-fuzzy

gs-closed (denoted by ij-

FGSC(X)) if, A<U, U€r > ji-
fscl(A) < U.
(3) ijfuzzy sg-closed (denoted by ij-

FSGC(X)) if, A< U, U € ij-FSO(X) = ji-
fscl(A) < U.

(4) ijfuzzy ga-closed (denoted by ij-
FGaC(X)) if, A< U, U € ij-Fa0(X) = ji-
facl(A) < U.

(5) ij-fuzzy ag-closed (denoted by ij-
FaGC(X)) if, A<U, UE€r > ji-
Facl(A) < U.

(6) ij-fuzzy gp-closed
FGPC(X)) if,
focl(A) < U.

(7) ij-fuzzy gsp-closed
FGSPC(X))  if,
fspcl(A) < U.

(8) ij-fuzzy spg-closed (denoted by ij-
FSPGC(X))) if, A< U, U € ji-FSPO(X) =
ji-fspcl(A) < U.

(denoted by ij-
A<U, UEer > ji-

(denoted by ij-
A<UUErt > ji-

© Eureka Journals 2019. All Rights Reserved.
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The fuzzy complement of an ij-FGC(X) (resp.
ij-FGSC(X),  ij-FSGC(X), ij-FGaC,  ij-
FaGC(X), ij-FGPC(X), ij-FGSPC(X) and ij-
FSPGC (X)) fuzzy subset of (X, 74, 7,) is called
an ij-FGO(X) (resp. ij-FGSO(X), Iij-
FSGO(X), ij-FGa0(X), ij-FaGO(X), ij-
FGPO(X), ij-FGSPO(X) and ij- FSPGO(X))
fuzzy subset of (X, 71, 73).

DEFINITION 2.4[11]

A function f:(X,11,72) = (Y,01,02) is

called:

(1) ij-fuzzy  pre-continuous if VV €i-
FC(Y), f~Y(V) € ij-FPC(X).

(2) ij-fuzzy  semi-continuous if VYV €i-
FC(Y), f~1(V) € ij-FSC(X).

(3) ij-fuzzy a-continuous if vV eEi-
FC(Y), f Y (V) € ij-FaC(X).

(4) ij- fuzzy sp-continuous if VV €i-
FC(Y), f~1(V) € ij-FSPC(X).

(5) ij-fuzzy g-continuous if VVeEj-
FC(Y), f (V) € ij-FGC(X).

(6) ij-fuzzy  ag-continuous if VV €Ej-
FC(Y), f~Y(V) € ij-FaGC(X).

(7) ij-fuzzy  ga-continuou if VVeE;j-
FC(Y), f (V) € ij-FGaC(X).

(8) ij-fuzzy  gs-continuous if VV €Ej-
FC(Y), f~1(V) € ij-FGSC(X).

(9) ij-fuzzy  sg-continuous if VV € j-
FC(Y), f (V) € ij-FSGC(X).

(10) ij-fuzzy  gsp-continuous if VV €j-
FC(Y), f~Y(V) € ij-FGSPC(X).

(11) ij-fuzzy  spg-continuous if VV €j-
FC(Y), f (V) € ij-FSPGC(X).

(12) ij-fuzzy gp-continuous if VVej-

FC(Y), f~Y(V) € ij-FGPC(X).
(13) i-continuous if YV € i-FC(Y), f (V) € i-
FC(X).

(14) ij-fuzzy  gc-irresolute if VVeij-
FGC(Y), f~1(V) € ij-FGC(X).

(15) ij-fuzzy  gs-irresolute if VYVei-
FGSC(Y), f~1(V) € ij-FGSC(X).

(16) ij-fuzzy  ag-irresolute if VV €ij-

FaGC(Y), f~Y(V) € ij-FaGC(X).
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(17) ij-fuzzy  ga-irresolute if
FGaC(Y), f~Y(V) € ij-FGaC(X).

vV € ij-

DEFINITION 2.5 [12]

A fuzzy subset A of (X,7) is called fuzzy *-
closed if A<U,U€FGaO(X) = facl(A) <
U. The fuzzy complement of fuzzy ¥*-closed set
is said to be fuzzy ¥ *-open.

DEFINITION 2.6 [12]

A fuzzy topological space (X, 1) is called:
(1) FTy /5 space if FGaC(X) = FaC(X).

(2) FT})q space if Fyp*C(X) = FaC(X).

(3 w*FTl/S space if FGaC(X) = FyY*C(X).
(4) FT, space if FGSC(X) = FaC(X).

(5) FaT, space if FaGC(X) = FaC (X).

(6) FTy spaceif FGSC(X) = Fy*C(X).

(7) FaTy spaceif FaGC(X) = Fyp*C(X).
(8) FT; space if FGSC(X) = FGaC(X).

(9) FaT; spaceif FaGC(X) = FGaC(X).

—_—  — ~— — — ~—  ~—  ~—

DEFINITION 2.7 [12]

a4

A function f : (X, 1) = (Y, 0) is called:

(1) Fuzzy Y*-continuous if
vV EFCY),f1(V)eFy C(X).

(2) Fuzzy P *-irresolute if
vV eFyYCY),f~1(V) e Fp*C(X).

(3) Fuzzy pre-y*-closed if

A€ FY*C(X), f(A) € FY*C(Y).

3. BASIC PROPERTIES IF ij-FUZZY -
CLOSED SETS

We introduce the following definition.
DEFINITION 3.1

A fuzzy subset A of a fuzzy bitopological space
(X,71,Ty) is called ij-fuzzy Y*-closed set if,
A<UUEji-FGaO(X) = ji-facl(A) < U.

The class of ij-fuzzy Y*-closed subsets of
(X, 71, T,) is denoted by ij-Fy*C(X).

The following diagram shows the relationships
of ij-fuzzy 1 *-closed sets with some other fuzzy
sets discussed in this section (Diagram 1).

j-fuzzy closed —— ij-fuzzy g-closeed—ij-fuzzy ag-closed——» ij-fuzzy gp-clpsed

ji-fuzzy a-closed—»ij-fuzzy Y *-closed— ij-fuzzy ga-closed ij-fuzzy gs-closed

!

ji-fuzzy semi-closed— ij-fuzzy sg-closed— ij-fuzzy spg-closed—»ij-fuzzy gsp-closed

ji-fuzzy semi-preclosed ¢———

ji-fuzzy preclosed

Diagram 1

© Eureka Journals 2019. All Rights Reserved.
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EXAMPLE 3.1
Let X = {a, b, c}

Y ={p,q}

T]_ = {Ol 11 a11a21 a3}

TZZ{O']-'B}
_06, 0.0
al_a b c
0+0.6++0
a = — —_— —_
2T a2 b
_06,06 0
aé_a b c
0.6 0
And f=—+-
ﬁ V4 q

L (X)) - (F7,)
As follows: Aa) = p AH) = o) = ¢

Then F€ 12-Fgp-closed but 4 ANy =5 &
12- /gsp -closed.

Where none of these implications is reversible
as shown by the following example.

EXAMPLE 3.1.1

Let /=[0,1] and o3, 03, 03 be fuzzy sets of |

defined as
] 1
0 0<x<-
_ 2
Oj(i’)— 1
x—ZZfESxS1
( . 1
IUFOSXSZ
1 1

o(X) = a3(x) = 4w if 7 <x< 3

1
\07 5= rs1

Clearly 7; ={01, g3, 05, 1 V 0>} and

7, = {0,1, o3} are fuzzy topologies on /.

Let /5 (/, 77) = (/, 7,) be defined by Ax) = x
forxre /

© Eureka Journals 2019. All Rights Reserved.
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(arrows 1,5) o3 € 12-Fzclosed A 12- Fga-closed
but g3 € 2-Fuzzy closed.

(arrows 2.6) o3 € 12-/fay-closed A 12-/3g-
closed but g3 € 21-/a+closed, since there exist
o,V oy € 7; containing o; such that 2-

di{on}=0€ 75

(arrows 3,7) o3 € 12-/gp-closed A 12-F3pg-
closed but oz € 21-Fuzzy semi closed, since
there exist g3 € 7, containing o3 such that 21-

Firclosed g3 = X< o3.

(arrow 4) g3 € 12-FY-closed but g3 & 21-Fuzzy
closed.

(arrow 8) o3 € 12-Fgw-closed but oz & 21-
Fuzzy semi closed, since there existo; V o, €
21-Fuzzy semi generalized closed containing o3
suchthat 1-d {o; V 53} = (3 V )¢ < o

(arrow 9) o3 € 21-Fuzzy aclosed but o3 & 2-
Fuzzy closed.

(arrow 10) g3 € 12-Fag-closed but o3 & 2-Fuzzy
closed, since there exist 3 € 7, containing o3
such that 2-Fuzzy closed, o3 = X< o3.

(arrow 11) o3 € 12-/gs-closed but oz & 21-
closed,
containing o3 such that 12-Fuzzy #-closed,

Fuzzy since there exist o3 € 7,

g3 = X% o3

(arrow 12) o3 € 21-Fuzzy semi closed but
g3 & 21-Fuzzy aclosed.

(arrow 13) o3 € 12-Fgp-closed but o3 € 21-
Fuzzy semi closed, since there exist o; V 0, € 7
containing o such that 2-& {7} = o3 & 7.

(arrow 14) o3 € 21-Fuzzy semi-pre-closed but
21-Fuzzy semi closed.

(arrow 15) o3 € 12-Fuzzy gp-closed but 21-
Fuzzy semi closed.

(arrow 16) o3 € 21-Fuzzy pre-closed but

g3 & 12-Fuzzy gp-closed.
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(arrow 17) o3 € 12-/gp -closed but o3 € 12-
Fuzzy closed, since there exist o3 V 0y € 21-Fi
open containing o; such that 1-& {5 V o5} =
(1 V 3) % a3

(arrow 18) o3 € 12-Fgs-closed but o3 & 21-
Fuzzy aclosed.

THEOREM 3.1

Every 7/ -fuzzy aclosed set is an 7 -fuzzy ¢-
closed set.

The following example supports that an 7 -
fuzzy ¢-closed set need not be a 7 -fuzzy &
closed set in general.

EXAMPLE 3.1.2

let Y={abcd, 7={X¥d4{ad{ad} and
7, = {)K¢}{a, 4L 1{c d}}. Then we have
A={bct € y-Fp AN but A¢ ji -rac(h).

Therefore the class of 7 -fuzzy ¥-closed sets is
properly contains the class of 7 -fuzzy aclosed
sets. Next we show that the class of 7 -fuzzy
¥-closed sets is properly contained in the class
of 7/ -fuzzy gu-closed set.

THEOREM 3.2

Every 7 -fuzzy ¢-closed set is an g -fuzzy gu-
closed set.

The following example supports that the
converse of the above theorem is not true in
general.

EXAMPLE 3.2

Let X z; and 7, are as in Example 3.1. Then the
fuzzy subset 2= {4} € 7 -F(X) but B¢ 7 -
P ay.

REMARK 3.1

The fuzzy intersection of two sets in 7 -fuzzy
¥-closed set is not in general a set in g/ - fuzzy

© Eureka Journals 2019. All Rights Reserved.

6

Y-closed set, as shown by the following
example.

EXAMPLE 3.3

Let X' z; and 7, be as in the Example 3.1. Then
we have {4} and {4 c} € - AP D but
(e N{bcy={b ¢ - Fpad.

THEOREM 3.3

For any fuzzy bitopological space (X 75, 7,).

(1) 7 -Fp AD A i -FeadX ) < i -Fac(d).
(2) f A€ 7 -FYP (Y and A< F< ji -fad (A),
then Z€ 5 -FY ((X).

PROOF.

(1) Let A€ 7 -FY AX) A Ji -G ). Then we
have j7-/a/ (A < A Consequently, A€
J-Fal(p).

(2) Let Ve ji - X) such that A<  Since
A< B and A€ jy-FPAX), then ji-
Jad (A < U Since F< ji-fad (A), then
we have ji-jfad (B <ji-fad (A< U
Therefore, Z€ 7/ -FY ().

THEOREM 3.4

Let (X 7;,7,) be a fuzzy bitopological space,
A€ § -AaC(X). Then A€ jj-Fpap if i -
FX B = ji -FGaO(X).

PROOF.

Let A € ij-FGaC(X) i.e. A<U and U € ij-
FaO(X), then ji-facl(A) <U. Since ij-
FaO(X) = ji-FGaO(X). Consequently, A < U
and U € ji-FGaO(X), then ji- facl(A) < U i.e.
A € ij-FpC(X).

THEOREM 3.5

Let(Xq,71,72) and (Xy,71,7;) be two fuzzy
bitopological spaces. Then the following
statement is true. If A € ij-Fy*0(X;) and
B € ij-F*0(X,), then A X B € ij-F{p*0(X; X
X3).
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PROOF.

Llet A€ ij-FY*0(X;) and B € ij-Fyp*0(X,)
and W=AXB<X; XX, let F=F, xF, <
W,F € ji-FGaC(X; X X;). Then there are
F, € ji-FGaC(Xy), F, € ji-FGaC(X,), F, <

A, F, <B and so, F; <7;-faint(4) and
F, < 7j;-faint(B). Hence F; X F, < A X B and

F1 X FZ < Tji -falnt(A) X T;;-falnt(B) = Tji X

T -faint (A X B).
Therefore A X B € ij- FY*0(X; X X5).
THEOREM 3.6

A fuzzy subset A of X is ij-Fy*0(X) if and only
if Fis a fuzzy subset of ij-faint(A) whenever
F <AandF €ji-FGaC(X).

THEOREM 3.7

For each x € X, either {x} is ji-FGaC(X) or {x}
is ij-F*0(X).

THEOREM 3.8

A fuzzy subset A of X is ij-Fip*C(X) if and only
if ji-FaC(A) ANF =@, whenever AANF =0,
where Fis ji-FGaC (X).

APPLICATIONS OF ij- FUZZY 1*-CLOSED
SETS

As applications of ij-fuzzy ¥*-closed sets, four
new classes of spaces, namely, ij—FTlll;; spaces,
ij-w*FTl/SSpaces, ij-FTy spaces, and ij-FaT

spaces are introduced.
We introduce the following definitions.
DEFINITION 4.1

A fuzzy bitopological space (X,14,T;,) is called
an ij-FTy /s space if ij-FGaC(X) = ji-FaC(X).

EXAMPLE 4.1
LetX ={a,b,c,d}

71 = {X, ¢,{a, b}}

© Eureka Journals 2019. All Rights Reserved.
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7, = {X, ¢, {b},{c}, {b,c}, {a,c}}

Then the sets in
{X, ¢,{b},{c},{a,b},{a,c}, {b, c}} are called ij-
FTy /s open and the sets in

{X, ¢,{a},{b},{c}.{a b}.{a,c}} are called ij-
FT, /5 closed.

Then (1,5)-ij-
Fy*C(X) ={X, ¢,{a}, {b},{c}.{a b}, {a c}}.

Clearly the sets {b} and {c} are (1, 5)-Fuzzy ¥*-
closed but their union {b, c} is not (1,5)-Fuzzy
Y*-closed set in X.

DEFINITION 4.2

A fuzzy bitopological space (X,74,7;) is called
an ij-FTlll;*5 space if ij-F*C(X) = ji-FaC(X).

We prove that the class of ij-FTll’[}; spaces

properly contains the class of ij-FT; /5 spaces.

THEOREM 4.1
Every ij-FT; /5 space is an ij-FT{p/*5 space.
PROOF.

Follows from the fact that every ij-fuzzy y*-
closed set is an ij-fuzzy ga-closed set.

The converse of the above theorem is not true
as it can be seen from the following example.

EXAMPLE 4.2

Let X={ab,c}L1 = {X, o, {a}} and
Ty = {X, o, {b}}. Then (X, 74, 77) is an ij-

Fle/; space but not an ij-FTj/5 space since
{b,c} € ij-FGaC(X) but {b, c} & ji-FaC(X).

DEFINITION 4.3

A fuzzy bitopological space(X,t,7,) is called
an ij-l/)*FTl/5 space if ij-FGaC(X) = ij-
Fy*C(X).
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THEOREM 4.2

Every ij-FTy /5 space is an ij—l,l)*FTl/5 space.

PROOF.

Let (X, 71,72) be an ij-FT} 5 space. Let A € ij-
FGaC(X). Since (X, 14,77) is an ij-F Ty /5 space,
then A € ji-FaC(X). Hence, by using Theorem
3.1, we have A€ ij-Fy*C(X). Therefore

(X, tq,72) isan ij-y FT, 5 SPACE:

The converse of the above theorem is not true
as we see in the following example.

EXAMPLE 4.3

Let X ={ab,c} 7 ={X, ¢ {a}} and

T2 = {X' d)' {a}l {b' C}} Then (X, Tl,Tz) is an l]-
w*FTl/S space but not an ij-FTj /5 space since

{a,b} € ij-FGaC(X) but {a, b} & ji-FaC (X).

We show that ij-FTl% ness is independent

from ij-v,[)*FTl/5 ness.
REMARK 4.1

ij-FTlll}5 ness and ij-w,l)*FTl/5 ness are
independent as it can be seen from the next
two examples.

EXAMPLE 4.4

Let X, 7, and 7, be as in the Example 4.1. Then
(X,11,72) is an ij-FTll’}*5 space but not an ij-
w*FTl/S space since {b,c} € ij-FGaC(X) but
{b,c} & ij-Fp*C(X).

EXAMPLE 4.5

Let X, 7y and 7, be as in the Example 4.2. Then
(X,11,72) is an ij-y FT, 5 SP3CE but not an ij-

FTlll}*5 space since {a,c} € ij-Fy*C(X) but
{a,c} & ji-FaC(X).

© Eureka Journals 2019. All Rights Reserved.

THEOREM 4.3

If (X,71,72) is an ij-l/)*FTl/S space, then for

each x € X, {x} is either ij-fuzzy a-closed or ij-
fuzzy Y *-open.

PROOF.

Suppose that (X, 14,72) is an ij-l/)*FTl/5 space.
Let x € X and assume that {x} & ji-FaC(X).
Then {x} € ij-FGaC(X) since every ji-fuzzy a-
closed set is an ij-fuzzy ga-closed set. So X-
{x} ¢ ji-Fa0 (X). X-{x} € ij-
FGaC(X) since X is the only ji-fuzzy a-open set

Therefore

which contains X-{x}. Since (X, 11,7;) is an ij-
1/)*FT1/5 space, then X-{x} € ij-FyY*C(X) or

equivalently {x} & ij-Fy*0(X).

THEOREM 4.4

A fuzzy bitopological space (X,71,7;) is an ij-
FTy s space if and only if it is ij-l,b*FTl/5 and ij-

FT#}; space.
PROOF.

The necessity follows from the Theorems 4.1
and 4.2. For the sufficiency, suppose that

(X,71,72) is both "y and G-FT))g

space. Let A € ij-FGaC(X). Since (X,14,73) is
an ij-l/)*FTl/s space, then A € ij-Fy*C(X).

*

Since (X,74,73) is an ij-FT{,s space, then
A € ji-FaC(X). Thus (X,74,73) is an §j-FTy s
space.

We introduce the following definitions ij-FT,
spaces and ij-FaT, spaces respectively and
show that every ij-FT,(ij — FaT,) space is an
ij-FTy 5 space.

DEFINITION 4.4

A fuzzy bitopological space (X,74,7,) is called
an ij-FT, space if ij-FGSC(X) = ji-FaC (X).
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DEFINITION 4.5

A fuzzy bitopological space (X, 14,T;) is called
an ij-FaT, space if ij-FaGC(X) = ji-FaC(X).

THEOREM 4.5
Every ij-FT, space is an ij-FT; /5 space.
PROOF.

Follows from the fact that every ij-fuzzy ga-
closed set is an ij-fuzzy gs-closed set.

An ij-FT; /5 space need not be an ij-FT, space
as we see the next example.

EXAMPLE 4.6

Let

X ={a,b,c}, 71 = {X,¢,{a}, {b},{a b}, {a,c}}
and 7, = {X, ¢,{a}, {a,b}]. Then (X,1q,77) is
an ij-FTy /5 space but not an ij-FT, space since
{b} € ij-FGSC(X) but {b} & ji-FaC(X).

THEOREM 4.6
Every ij-FaT, space is an ij-FT; /5 space.
PROOF.

Follows from the fact that every ij-fuzzy ga-
closed set is an ij-fuzzy ag-closed set.

An ij-FT;,5 space need not be an ij-FaT,
space as we see the next example.

EXAMPLE 4.7

Let X={ab,c}Lty = {X, ¢,{a},{b}, {a,b}}
and 1, = {X, ¢, {a},{a, c}}. Then (X,7q,73) is
an ij-FTy,5 space but not an ij-FaT, space
since {a,c} € ij-FaGC(X) but {a,c} & ji-
FaC(X).

THEOREM 4.7
Every ij-FT, space is an ij-FaT, space.

PROOF.

© Eureka Journals 2019. All Rights Reserved.
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Follows from the fact that every ij-fuzzy ag-
closed set is an ij-fuzzy gs-closed set.

The converse of the above theorem is not true
in general as the following example supports.

EXAMPLE 4.8

Let X, t; and T, be as in the Example 4.5. Then
(X,74,72) is an ij-FaT, space but not an ij-FT,
space since {b} € ij-FGSC(X) but {b} €& ji-
FaC(X).

THEOREM 4.8
Every ij-FT, spaceis an ij—Fle;5 space.
PROOF.

Follows from the fact that every ij-fuzzy y*-
closed set is an ij-fuzzy gs-closed set.

The converse of the above theorem is not true
in general as the following example supports.

EXAMPLE 4.9

Let

X={ab,cd,e}

Ty = {X, ¢,{a}, {c,d},{a,c d},{bcd, e}} and
Ty =

{X, ¢,{a},{a, b}, {a,b,e},{a,cd},{ab,c, d}}.
Then (X, 11,7,) is an ij-FTllp/; space but not an
ij-FT, space since {d} € ij-FGSC(X) but
{d} & ji-FaC(X).

THEOREM 4.9
Every ij-FaT, space is an ij—FTlll}*5 space.
PROOF.

Follows from the fact that every ij-fuzzy y*-
closed set is an ij-fuzzy ag-closed set.

An ij—FTllp/; space need not be an ij-FaT, space

as we see the next example.

EXAMPLE 4.10
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Let X,7; and 7, be as in Example 4.8. Then
(X,1q,77) is an ij-FTlll;5 space but not an ij-
FaT, space {c} € ij-FaGC(X) but {c} ¢ ji-
FaC(X).

We introduce the following definitions.
DEFINITION 4.6

A fuzzy bitopological space (X,7q,73) is called
an ij-FT), space if ij-FGSC(X) = ij-Fy*C(X).

DEFINITION 4.7

A fuzzy bitopological space (X,7q,7;) is called
an ij-FaT, space if ij-FaGC(X) = ij-Fy*C(X).

DEFINITION 4.8

A fuzzy bitopological space (X, 14,T;) is called
an ij-FT, space if ij-FGSC(X) = ij-FGaC(X).

DEFINITION 4.9

A fuzzy bitopological space (X,14,T;,) is called
an ij-FaT, space if ij-FaGC(X) = ij-FGaC (X).

We show that the class of ij-FaT, spaces
properly contains the class of ij-FaT, spaces
and is properly contained in the class of ij-FaT;
spaces. We also show that the class of ij-FaTy

spaces is the dual of the class of ij-FTI% spaces
to the class of ij-FaT, spaces. Moreover we
prove that ij-FaT) ness and ij—FTlll;; ness are

independent from each other.
THEOREM 4.10

Every ij-FaT, space is an ij-FaT), space.
PROOF.

Let (X,14,77) be an ij-FaT, space. Let A € ij-
FaGC(X). Since (X,14,T) is an ij-FaT, space,
then A € ji-FaC(X). Hence, by using Theorem
A € ij-FyrC(X).
(X,14,Ty) isan ij-FaT), space.

3, we have Therefore

© Eureka Journals 2019. All Rights Reserved.
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The following example supports that the
converse of the above theorem is not true in
general.

EXAMPLE 4.11

Let X, t; and T, be as in the Example 4.2. Then
(X,74,73) is an ij-FaT) space but not an ij-
FaT, space since {a,c}€ ij-FaGC(X) but
{a,c} & ji-FaC(X).

THEOREM 4.11
Every ij-FaT), space is an ij-FaT; space.
PROOF.

Let (X,1q,72) be an ij-FaT, space. Let A € ij-
FaGC(X). Since (X,14,72) is an ij-FaT} space,
then A € ij-Fyp*C(X).
Theorem 3.2, we have

Hence, by using
A € ji-FGaC(X).
Therefore (X, 71, 73) is an ij-FaT; space.

The following example supports that the
converse of the above theorem is not true in
general.

EXAMPLE 4.12

Let X, 71 and 1, be as in the Example 4.1. Then
(X,71,7y) is an ij-FaT; space but not an ij-
FaT, space since {b}€ ij-FaGC(X) but
{b} ¢ ji-Fy*C(X).

THEOREM 4.12

A fuzzy bitopological space (X,7q,7;) is an ij-
FaT, space if and only if it is ij-FaT, and ij-
FTll/}*5 space.

PROOF.

The necessity follows from the Theorems 4.9
and 4.10. For the sufficiency, suppose that

(X,74,7,) is both ij-FaT}, and ij—FTlll}*5 space.
Let A € ij-FaGC (X). Since (X, 74, Ty) is ij-FaT),
space, then A € ij-Fy*C(X). Since (X, 74, T) is
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an ij—FTll/}; space, then A € ji-FaC(X). Thus

(X, 741, 12) isan ij-FaT, space.
REMARK 4.12

ij-FaT, ness and ij—FTll/;; ness are

independent as it can be seen from the next
two examples.

EXAMPLE 4.13

Let X, 7, and 1, be as in the Example 4.2. Then
(X,74,Ty) is an ij-FaT, space but not an ij-
FT;‘}*5 space since {a,b} € ij-Fy*C(X) but
{a, b} & ji-FaC(X).

EXAMPLE 4.14

Let X, 7, and 7, be as in the Example 4.1. Then
(X,74,77) is an ij—FTlll}*5 space since {b, c} € ij-
FaGC(X) but {b, c} & ij-Fy*C(X).

DEFINITION 4.10

A fuzzy subset A of a fuzzy bitopological space
(X,71,T3) is called an ij-fuzzy Y *-open if its
fuzzy complement is an ij-fuzzy *-closed of
(X, 19, 13).

THEOREM 4.13

If (X,14,T,) is an ij-FaT), space, then for each
x € X, {x} is either ij-fuzzy ag-closed or ij-
fuzzy Y *-open.

PROOF.

Suppose that (X, 71, 73) is an ij-FaT), space. Let
x € X and assume that {x} & ij-FaGC(X).
Then {x} & ij-FaC(X) since every ji-fuzzy a-
closed set is an ij-fuzzy ag-closed set. So
X —{x} ¢ ji-FaO(X). Therefore X-{x}€ ij-
FaGC(X) since X is the only ji-fuzzy a-open set
which contains X-{x}. Since (X, ty,7;) is an ij-
FaT, space, then X-{x}€ij-Fy*C(X) or
equivalently {x} € ij-FyY*0(X).

© Eureka Journals 2019. All Rights Reserved.
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THEOREM 4.14

Every ij-FaT), spaceisan ij-t,b*FTl/5 space.

PROOF.

Let (X,1q,72) be an ij-FaT, space. Let A € ij-
FGaC(X), then A€ ij-FaGC(X).
(X,tq,72) is an ij-FaT, space, then A € ij-
Fy*C(X). Therefore (X, 11,7;) is an ij-l/)*FTl/5

Since

space.

The following example supports that the
converse of the above theorem is not true in
general.

EXAMPLE 4.15

Let X, 7; and 1, be as in the Example 4.8. Then
(X,1q,77) is an ij-l[)*FTl/5 space but not an ij-
FaT, space since {c}€ ij-FaGC(X) but
{c} ¢ ij-FY*C(X).

We show that the class of ij-FT, spaces
properly contains the class of ij-FT, spaces,
and is properly contained in the class of ij-
FaT,, spaces, the class of ij-FT; spaces, and the
class of ij-FaT; spaces.

THEOREM 4.15
Every ij-FT, space is an ij-FT), space.
PROOF.

Let (X,71,72) be an ij-FT, space. Let A € ij-
FGSC(X). Since (X,tq,72) is an ij-FT, space,
then A € ji-FaC(X). Hence, by using Theorem
have A € ij-FyY*C(X).
(X, 741, T2) is an ij-FT,, space.

3.1, we Therefore

The following example supports that the
converse of the above theorem is not true in
general.

EXAMPLE 4.16
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Let X, 7, and 7, be as in the Example 4.2. Then
(X,74,73) is an ij-FT, space but not an ij-FT,
space since {a, c} € ij-FGSC(X) but {a, c} & ji-
FaC(X).

THEOREM 4.16
Every ij-FT}, space is an ij-FaT), space.
PROOF.

Let (X,74,72) be an ij-FT) space. Let A € ij-
FaGC(X), then A€ ij-FGSC(X).
(X,71,72) is an ij-FT, space, then A € ij-
Fy*C(X). Therefore (X,tq,72) is an ij-FaT;
space.

Since

The converse of the above theorem is not true
as it can be seen from the following example.

EXAMPLE 4.17

Let X, 7, and 1, be as in the Example 4.5. Then
(X,741,T3) is an ij-FaT, space but not an ij-FTj,
space since {b} € ij-FGSC(X) but {b} ¢ ij-
Fy*C(X).

THEOREM 4.17
Every ij-FT}, space is an ij-FT; space.
PROOF.

Let (X,tq,72) be an ij-FT, space. Let A € ij-
FGSC(X). Since (X,tq1,7y) is an ij-FT}, space,
then A €ij-FyY*GC(X). Hence, by using
have A € ij-FGaC(X).
Therefore (X, t1,7;) is an ij-FT; space.

Theorem 3.2, we

The converse of the above theorem is not true
as it can be seen from the following example.

© Eureka Journals 2019. All Rights Reserved.
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EXAMPLE 4.18

Let X ={a,b,c} 11 = {X, ¢, {a, b}} and
Ty = {X, ¢, {a, c}}. Then (X,71,72) is an
ij — FT; space but not an ij-FT, space since
{c} € ij-FGSC(X) but {c} & ij-FY*C(X).

Next we prove that the dual of the class of ij-
FT; spaces to the class of ij-FT), spaces is the
class of ij-FaT), spaces.

THEOREM 4.18

A fuzzy bitopological space (X,7q,7;) is an ij-
FT), space if and only if it is ij-FaT;, and ij-FT;
space.

PROOF.

The necessity follows from the Theorem 4.16
and 4.17. For the sufficiency, suppose that
(X,74,7y) is both ij-FaT), and ij-FT, space. Let
A € ij-FGSC(X). Since (X,71,7Ty) is an ij-FT,
space, then A € ij-FGaC(X). Then A € ij-
FaGC(X). Since (X,1q,72) is an ij-FaT} space,
then A € ij-FyY*C(X). Therefore (X,71,7;) is
an ij-FT; space.

THEOREM 4.19

A fuzzy bitopological space (X,71,7;) is an ij-
FT, space if and only if it is ij-F T, and ij-Fle/;

space.
PROOF.

The necessity follows from the Theorems 4.8
and 4.15. For the sufficiency, suppose that

(X, 11, 72) is both ij-FT}, and ij-FTlll);5 space.
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l]—FTl/5
A
ij'FTl/S —> ij'lp*prl/s
A
ij-FaT, » ij-FaT, ——»ij-FaT,;
ij-FT, —» [j-FT), » ij- FT;

Diagram 2

Let A € ij-FGSC(X). Since (X,14,T) is an ij-
A € ij-FY*C(X).
(X,74,T2) is an ij-FTI% space, the A € ji-
FaC(X). Therefore (X,74,7) is an ij-FT,
space.

FT, space, then Since

The following diagram shows the relationships
between the separation axioms discussed in
this section (Diagram 2).

EXAMPLE 4.19

Let X = {a, b, c} and &;, §,, 63 be fuzzy sets of
X defined as follows

61 ={(0.5,0.5,0.5),(0.2,0,0),(0.8,1,1)}
8, = {(0.5,0.5,0.5), (0,0.1,0), (1,0.9,1)}
Clearly,

71 =1{0,1,81,8,,8; V5,} and

7, = {0,1, 83} are fuzzy topologies on X.

Let f:(X,11)—> X, 72) be
f(x) = x foreach x € X.

defined by

(arrows 1,2) 8, € 12-FaT, A 12-FT, space but
not an 12- FT, space. Since {b} € 12- FGSC(X)
but {b} & 21- FaC (X).

© Eureka Journals 2019. All Rights Reserved.

(arrow 3,6) 6; € 12-FaT;,, A 12-FT,; space but
an 12- FT;, space. Since {c} € 12- FGSC(X) but
{c} & 12- FY*C(X).

(arrow 8,4) 6, € 12-FTy /5 A12-FaT), space
but an 12-FaT, space. Since {a,c} € 12-
FaGC(X) butan{a,c} & 21- FaC(X).

(arrow 5) &, € 12-FaT; space but an 12-FT,
space. Since {c} € 12- FaGC(X) but {c} ¢ 21-
FaC(X).

(arrow 7) &, € 12-FaT) space but an 12-FT,
space. Since {c} € 12- FGSC(X) but {c} ¢ 21-
FaC(X).

(arrow 9) 6, € 12-1/)*FT1/5 space but an 12-
FaT, space. Since {c} € 12-FaGC(X) but
{c} ¢ 12- FY*C(X).
(arrow 10) 6, € 12-1/J*FT1/55pace but an 12-
FTy s space. Since {b,c} € 12- FGaC(X) but
{b,c} ¢ 21- FaC(X).

*

(arrow 11) 6; € 12-FT} )5 space but 12- FT; 5
space. Since {a,b} € 12-FGaC(X) but
{a,b} & 21- FaC(X).
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ij-FUZZY 1*-CONTINUOUS AND ij-
FUZZY *-IRRESOLUTE FUNCTIONS

We introduce the following definition.

14
DEFINITION 5.1

A function f : (X, 1q,73) = (Y,01,0,) is called
ij-fuzzy Y *-continuous if VVeE;j-

FC(Y), f~1(V) € ij-Fy*C(X).

J-fuzzy continuous— ij-fuzzy g-continuous —» ij-fuzzy ag-continuous— ij-fuzzy gp-continuous

v

ji-fuzzy a-continuous» ij-fuzzy *-continuous— ij-fuzzy ga-continuous

v

ij-fuzzy gs-continuolis

v

Ji-fuzzy semi-continuousyij-fuzzy sg-continuous®ij-fuzzy spg-continuousaij-fuzzy gsp-continuous

ji-fuzzy semi-precontinuous
DIAGRAM 3

The following diagram shows the relationships
of ij-fuzzy Y *-continuous functions with some
other functions discussed in this section

(Diagram 3).
EXAMPLE 5.1

Let X = {a, b, c}. The fuzzy sets A, u,v, A, B are
defined on X as follows,

A:X —[0,1] is defined as A(a) = 0.4,A(b) =
0.5,(c) = 0.5.

u:X - [0,1] is defined as u(a) = 0.4, u(b) =
0.4,u(c) = 0.5.

v:X - [0,1] is defined as v(a) = 0.3,u(b) =
0.5,u(c) = 0.2.

A:X - [0,1] is defined as A(a) = 0.4,A(b) =
0.3,A(c) = 0.5.

© Eureka Journals 2019. All Rights Reserved.
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ji-fuzzy pre-continuous

B :X - [0,1] is defined as B(a) = 0.5,B(b) =
0.4,B(c) = 0.6

Thent; ={0,1,4, 4, v} and
7, = {0,1, A, B} are fuzzy topologies on X.

Let f: (X,71) = (X,72) Dbe
f(a) = aforeachx € X.

defined by

(arrows 1,5) If f is defined by f(a)=b,
f(b) =c and f(c) = a. We have fis 12- Fg-
continuous, but it is not 1-Fuzzy continuous.
Since there exist {b}€1-FC(X) but
f1{p}) = {a} ¢ 1-FC(X). Also, f is 12- Fga-
continuous but it is not 2-Fuzzy continuous.
Since there exist {b,a} € 2-FC(X) such that
f1{b,a}) = {a,c} & 2-FC(X).

(arrows 4,6) If f is defined by f(a) = a, f(b) =
c¢ and f(c) =b. We have f is 12-Fuzzy y*-
continuous, but it is not 21-Fuzzy 2-continuous.
{a} € 2-FC(X) but

Since  there  exist
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f1({a}) = {c} ¢ 12-FGC(X). Also, f is not 2-
Fuzzy continuous. Since there exist {b,a} € 2-
FC(X) such that f~1({b,a}) = {a,b} ¢ 12-
FPC(X).

(arrows 7,15) If f is defined by f(a) = ¢, f(b) =
a and f(c)=b. We have f is 12-Fspg-
continuous A 21-Fuzzy semi-Pre Continuous,
but it is not 12-Fsg-continuous. Since there
exist {b} € 21-FC(X) such that f~1({b}) =
{b,c} & 12-FGPC(X).

(arrow 2) If f is defined by f(a) = f(b) =c
and f(c)=a. We have f is 12-Fag-
continuous, but it is not 2-Fuzzy continuous.
Since there exist {c} € 2-FC(X) but f~1({c}) =
{a} & 2-FGC(X).

(arrow 3) If f is defined by f(c) = f(a) =b
and f(b) =a. We 12-Fgp-
continuous, but it is not 2-Fuzzy continuous.
Since there exist {b}€ 2-FPC(X) but

F1{bY) = {a} & 2-FC(X).

(arrow 8) If f is defined by f(a)=b, and
f(b) =f(c) =a. We have f is 12-Fgsp-
continuous, but it is not 21-Fuzzy semi-

have f s

continuous.

(arrow 9) If f is defined by f(a) =c,f(b) =a
and f(c) =b. We have f is 21-Fuzzy a-
continuous, but it is not 1-Fuzzy continuous.

(arrow 10) If f is defined by f(a) = f(b) =c¢
and f(c) = b. We have fis 12-Fag-continuous,
but it is not 2-Fuzzy continuous. Since there
exist {c} € 21-FaC(X) such that f~1({c}) =
{a,b} ¢ 12-FGC(X).

(arrow 11) If f is defined by f(b) = f(c)=b
and f(a) = c. We have fis 12-Fgs-continuous,
but it is not 21-Fuzzy a-continuous.

(arrow 12) If f is defined by f(a) = f(c)=»b
and f(b) =a. We have f is 21-Fuzzy semi
continuous, but it is not 21-Fuzzy a-continuous.
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(arrow 13) If f is defined by f(a) = f(b) =¢
and f(c) = b. We have fis 12-Fga-continuous,
but it is not 2-Fuzzy continuous.

(arrow 14) If f is defined by f(b) = f(c) =b
and f(a)=c. We have f is 12-Fgsp-
continuous. Since there exist {b} € 2-FgC(X)
but it is not f 1 ({b}) = {c} & 12-FC(X).

(arrow 16) If f is defined by f(a) = f(b) =
f(c) = a. We have f is 12-Fgsp-continuous,
but it is not 21-Fuzzy semi continuous.

(arrow 17) If f is defined by f(c) = b, f(b) = a
and f(a) = c. We have f is 12-Fuzzy semi pre-
continuous, but it is not 21-Fuzzy semi-
continuous.

(arrow 18) If f is defined by f(a) = b, f(b) =
and f(c)=a. We 12-Fspg-
continuous, but it is not 12-Fuzzy a-continuous.
Since there exist {b} € 1-FC(X) such that

b)) = {a} & 1-FC(X).

have f is

THEOREM 5.1

Every ji-fuzzy a-continuous function is ij-fuzzy
P*-continuous.

The following example supports that the
converse of the above theorem is not true in
general.

EXAMPLE 5.2

LetX = {a,b,c}andY = {a,B,v}
Define fuzzy sets 11, 1, and p4 as follows
A(a) =04,2,(b) =0.3,2:(c) =0.2

12(a@) = u (a) = 0.6,
L()=ml) =08

Ay(b) = u1(B) = 0.7,

Let 74, T, and o4, 0, be defined as follows

1 ,ifA=0o0r1
u() =41/, JifA=4
0 ,otherwise
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0 JifA=0o0r1
7,1 = 1/2 JifA=244
1 ,otherwise
1 Jifu=0or1l
or(w) = 1/2 Jif =1
0 ,otherwise
0 Jifu=0orl
0'2([.1,)= 1/2 JAf =
1 ,otherwise

Then the function f : (X, 11,72) = (Y,0¢,0;) is
defined by

f@=a,f(b) =8 f()=y.
Then fis not 21-fuzzy a-continuous function.

Since p; € 2-FC(Y) but f~1(u) =1, ¢ 21-
FaC(X).

However f is 12-Fuzzy *-continuous function.
THEOREM 5.2

Every ij-fuzzy ¥ *-continuous function is ij-fuzzy
ga-continuous.

The following example supports that the
converse of the above theorem is not true in
general.

EXAMPLE 5.3
letX =Y ={a,b,c}

Define fuzzy sets 4,6, : X =Y — [0, 1] by the
equation

Al@) =0.5,4(b) =0,A(c) =0
6(a)=0,8(b) =0.6,6(c) =0and

B(a) =0.6,3(b) =0.6,8(c) =1

Thenty = {1,0,4, 8} and

T, = {1,0 &} are fuzzy topologies on X and Y.

Let 6 be the non fuzzy open set in (X, 71).
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Then
7(6) ={1,0,1,8,A Vv 6}.

Let /11(0.) = 03, Al(b) = O, /11(6') = 0 be the
fuzzy subset in (X, 7).

If f: (X,t1) = (Y, 72) be defined by
fl@) =a, f(b) =b, f(c) =c,
then fis not 12-Fuzzy ¥ *-continuous function.

Since 8 €2-FC(Y) but f71(8)=p¢12-
Fy*C(X).

However f is 12-F ga-continuous function.

THEOREM 5.3

If  f1:Xy,1,72) > (Y1,00,02) and  fy:
(X,,71,73) = (Y1,07,05) be two ij-fuzzy ¢*-

continuous functions. Then the function
[ Xy XX,11 XT1,T2 XT3) >

(Y, X Yy, 01 X 07,09 X 07) defined by
fl,x) = (F(xy), f(xp)) is  ij-fuzzy -
continuous.

PROOF.

Let V; € j-FO(Y;) and V, € j-FO(Y,). Since f;
and f, are two ij-fuzzy Y *-continuous, then
ft) €ij-FY*0(X;) and  fTL(V,) € ij-
FY*0(X;). Hence, by using Theorem 3.5, we
have f~1(1}) x f~1(V,) € ij-FyY*0(X; X X1).

We introduce the following definition.
DEFINITION 5.2

A function f : (X,tq,7,) = (Y,01,07) is called

ij-fuzzy P*-irresolute if vV Eij-

Fy*C(Y), f~1(V) € ij-Fy*C(X).
THEOREM 5.4

Every ij-fuzzy i *-irresolute function is ij-fuzzy
Y *-continuous.
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The following example supports that the
converse of the above theorem is not true in
general.

EXAMPLE 5.4
LetX=Y = {a,b,c}.

Define fuzzy sets 4,61,6, : X —
equation

[0,1] by the

Al@) =04,A(b) =0,A(c) =1

61(a) =0,8;(b) =0.5,6:(c) =0and
8,(a) =0,6,(b) =0,8,(c) =0.6

Andy : Y - [0,1] defined by

y(@)=1,y() =0.5,y(c) =0

Thent; = {1,0,A} and

7, = {1,0,y} is a fuzzy topologies on X and Y.

Let 6; be the non fuzzy open set in (X, 71), then
71(61) ={1,0,4,8;,AV 6;} and &, be the non
fuzzy open set in (Y,7;), then 1,(8;) =
{1,0,y,8,,y Vv 6,}.

Let f : (X,11) = (Y, T,) be defined by
f@=b,fb)=a,f(c)=c
Then f is not 12-Fuzzy Y *-irresolute function.

Since §; € 12-Fy*C(Y) but f~1(8;) =y ¢ 12-
Fy*c(X).

However f is 12-Fuzzy 1 *-continuous function.
THEOREM 5.5

let f:(X,1,72) > (Y,04,0,) and g:
(Y,01,05) = (Z,m1,1,) be any two functions.
Then

(1) g o f is ij-fuzzy Y*-continuous if g is j-fuzzy
continuous and f is ij-fuzzy Y *-continuous.

(2) g o f isij-fuzzy Y*-irresolute if both f and g
are ij-fuzzy y*-irresolute.

© Eureka Journals 2019. All Rights Reserved.
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(3) gof is ij-fuzzy Y*-continuous if g is ij-
fuzzy Y*-continuous and f is ij-fuzzy Y*-
irresoloute.

PROOF.

Let V € j-FC(Z), since g is j-fuzzy continuous,
then g~1(V) € j-FC(Y). Since f is ij-fuzzy *-
continuous, then we have f_l(g_l(V)) € ij-
Fy*C(X). Consequently, g o f is ij-fuzzy -
continuous.

(2)- (3) Similarly.
THEOREM 5.6

Let f: (X, 7q,72) = (Y,00,02) be an ij-fuzzy
Y *-continuous function. If (X, t{,7;) is ij—FTlll};

space, then fis ji-fuzzy a-continuous function.
PROOF.

Let V €j-FC(Y). Since f is ij-fuzzy v*-
continuous, then f~1(V) € ij-Fy*C(X). Since
(X,1q,77) is an ij-FTld;; space, then f~1(V) €
Ji-FaC(X). Consequently, f is ji-fuzzy a-
continuous.

THEOREM 5.7

Let f: (X,71,72) = (Y,01,09) be an ij-fuzzy
ag-continuous function. If (X, tq,7;) is an ij-
FaT,, space, then fis ij-fuzzy 1 *-continuous.

PROOF.

Let V €j-FC(Y). Since f is an ij-fuzzy ag-
contiuvous  function, thus  f1(V) € ij-
FaGC(X). Since (X,1q,72) is an ij-FaTy space,
then f=1(V) € ij-F*C(X). Consequently, f is
ij-fuzzy ¥ *-continuous.

THEOREM 5.8

Let f: (X,7q,72) = (Y,0q,0;) be an ij-fuzzy
ga-continuous function. If (X,7tq,73) is ij-
l/J*FTl/5 space, then fis ij-fuzzy 1 *-continuous.
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PROOF.

Let V € j-FC(Y). Since f is an ij-fuzzy ga-
continuous  function, thus f1(V) € ij-
FGaC(X). Since (X,7tq,7) is an ij—l/)*FTl/S

f7HV) € §-Fyp C Q).
Consequently, f is ij-fuzzy Y *-continuous.

space, then

THEOREM 5.9

Let f: (X, 71,72) = (Y,01,0,) be an ij-fuzzy
gs-continuous function. If (X,7q,7,) is ij-FT}
space, then f is ij-fuzzy ¥ *-continuous.

PROOF.

Let V €j-FC(Y). Since f is an ij-fuzzy gs-
continuous  function, thus  f~1(V) € ij-
FGSC(X). Since (X,t1,T,) is an ij-FT}, space,
then f~1(V) € ij-Fy*C(X). Consequently, f is
ij-fuzzy ¥ *-continuous.

THEOREM 5.10

Let f : (X,t1,72) = (Y, 01, 0,) be onto, ij-fuzzy
Y*-irresolute and ji-fuzzy a-closed. If (X, t1,T3)

is ij-FTld}; space, then (Y, ay,0,) is also an ij-
FTlll}*5 space.

PROOF.

Let V € ij-Fy*C(Y). Since f is ij-fuzzy y*-
irresolute, then f~1(V) € ij-Fy*C(X). Since
(X, 11,79) is ij-FTlll;*5 space, then f~1(V) € ji-

FaC (X). Since f is ji-fuzzy a-closed and onto.
Then we have V €ji-FaC(Y). Therefore

(Y,01,05) is also an ij-FTllp/*5 space.
We introduce the following definition.
DEFINITION 5.3

A function f : (X,19,72) = (Y, 09,07) is called
an  ij-fuzzy  pre-p*-closed if A€ij-
Fy*C(X), f(A) € ij-Fy*C(Y).

THEOREM 5.11

Let f : (X, 71, 72) = (Y, 01, 0,) be onto, ij-fuzzy
ga-irresolute and ij-fuzzy pre-1*-closed. If

© Eureka Journals 2019. All Rights Reserved.
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(X, 1q,72) IS ij—z,l)"‘FTl/5 space, then (Y, 01,0,) is

also an ij—t,l)*FTl/5 space.

PROOF.

Let V €ij-FGaC(Y). Since f is ij-fuzzy ga-
irresolute, then f~1(V) € ij-FGaC(X). Since
(X,74,77) is an ij—t,b*FTl/5 space. Since f is ij-
fuzzy pre-y*-closed and onto. Then we have
F(F7X(WV) =V e ij-Fy*C(Y).

(Y,04,0,) isalso an ij—l/J*FTl/S space.

Therefore

THEOREM 5.12

Let f : (X,71,T2) = (Y, 01, 0,) be onto, ij-fuzzy
ag-irresolute and ij-fuzzy pre-ip*-closed. If
(X,74,T3) is an ij-FaT, space, then (Y, 01, 07)
is also an ij-FaT), space.

PROOF.

Let V € ij-FaGC(Y). Since f is ij-fuzzy ag-
irresolute, then f~1(V) € ij-FaGC(X). Since
(X,7t1,73) is an ij-FaT} space, then f~1(V) €
ij-Fi*C(X). Since f is ij-fuzzy pre-y*-closed
and onto. Then we have f( f71(V)) =V € ij-
Fy*C(Y). Therefore, (Y,dy,0,) is also an ij-
FaT), space.

THEOREM 5.13

Let f : (X,71,T2) = (Y, 01, 02) be onto, ij-fuzzy
gs-irresolute and ij-fuzzy pre-i*-closed. If
(X,14,72) is an ij-FT,, space, then (Y,0y,0,) is
also an ij-FT), space.

PROOF.

Let V € ij-FGSC(Y). Since f is ij-fuzzy gs-
irresolute, then f~1(V) € ij-FGSC(X). Since
(X, 74,7,) is an ij-F T}, space, then f~1(V) € ij-
Fy*C(X). Since f is ij-fuzzy pre- *-closed and
onto. Then we have f(f71(V))=Veij-
Fy*C(Y). Therefore (Y,01,0,) is also an ij-
FT;, space.
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